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Abstract. We study psettdo Yan^-MiZZs /leWs on a compact strict- 
ly pseudoconvex CR manifold M, i.e. the critical points of the 
functional VyM{D) = \ /^^ ||7r//i?^||26' A (^6*)", where is a con- 
nection in a Hermitian CR-holomorphic vector bundle {E, h) — s- 
M. Let r2 = {93 < 0} C C" be a smoothly bounded strictly 
pseuodoconvex domain and g the Bergman metric on $7. We show 
that boundary values Db of Yang-Mills fields D on (fi, g) are pseudo 
Yang-Mills fields on dVt, provided that itR'^" = and inR'^ = 
on H{dn). If C{M) ^ M is the canonical circle bundle 

and 7r*_D is a Yang-Mills field with respect to the Fefferman met- 
ric Fg of {M,e) then Z? is a pseudo Yang-Mills field on M. The 
Yang-Mills equations ^ ^ = project on the Euler-Lagrange 
equations 5^ = of the variational principle 5 VyM{D) = 0, 
provided that ixR^ ~ 0. When M has vanishing pseudoher- 
mitian Ricci curvature the puUback 7r*D of the (CR invariant) 
Tanaka connection D of {E,h) is a Yang-Mills field on C(M). 
We derive the second variation formula {(P VyA4{D*) /dt^}t=Q — 
Jj^i{Sl^{ip), if) 9A{de)", D* ^D + A* (provided that £> is a pseudo 
Yang-Mills field and ip = {dA^ldt)t=Q e Ker((5^)), and show that 
S^{ip) = IS^ip + Tl^{ip), ip e r2"^i(Ad(£')), is a subelliptic opera- 
tor. 



1. Introduction 

A series of papers published in the last decade (J. Lewandowski & 
Nurowski, [2T], P. Nurowski, j2lj, P. Nurowski & J. Tafel, |2H]) 
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are devoted to exploring the relationship among CR structures on 3- 
dimensional manifolds and null solutions to Einstein equations, Max- 
well equations, and Yang-Mills equations (cf. also J. Tafel, |2H1)- 
Specifically, if (M, Ti q{M)) is a nondegenerate 3-dimensional CR man- 
ifold endowed with the contact form 6 and with the (locally defined) 
complex 1-form 6^ such that 6^{Ti) = 1, 0^{Tj) = (where Ti is a 
local generator of the CR structure Tifi{M)) let us consider the semi- 
Riemannian metric 

(1) F = 2p2{(7r*0i) {n*9^) - {7r*9) a}, 

on M X R, where p is a real valued function on M x M and a is a real 
1-form on M X M such that 

71* (e AO^ AO'^ Aa ^ 0. 

Here vr : M x M ^ M is the projection. P. Nurowski has determined 
(cf. local solutions to the Yang-Mills equations on (M x M, F), 

under the additional assumption that the shear-free congruence of null 
geodesies tangent to d/d"^ (7 is the natural coordinate function on M) 
possesses 3 linearly independent symmetries {Xj : 1 < z < 3}. Let D be 
a 5'f/(3)-connection in a vector bundle £^ ^ M x M locally described by 
a matrix of 1-forms A = b 7T*6^ + b 7t*6^ + c 7[*9 + e a, where a, b, c and e 
are ^0C-valued functions {Q = su(3)) on M x M. When the Lie group 
G3 (whose Lie algebra is generated by the Xj's) consists of symmetries 
of D (i.e. each element of induces a gauge transformation of A) 
then (by a result of J. Harnad & S. Shnider & L. Vinet, [T2j) up to 
some gauge transformation A is strictly invariant under G3. Then 
CxiA = 0, conditions which may be exploited to show that locally D 
may be looked for in the form A = B 7r*Q^ + B 7r*fi~ + C 7r*f2, with 
-B, C* G ^ C. Here and are a new contact form and a new local 
coframe such that 

(2) Cxp. = 0, c^n^ = 0, dn = 2V^n^ a n^, 

while Xi are the projections on M of the (nontrivial) symmetries Xi. 
Finally the Yang-Mills equations (for S'?7(3)-fields) on M x M may be 
solved (together with the condition that D is null, i.e. dA + A A A = 
(7r*fi) A ($ 7r*Q,^ + $ 7r*Q}), for some G ® C- valued function $). For 
instance (cf. (5.10) in p. 805) 

(3) A = pn-f7c* {e'^n' + e-'^n^) 

is a solution, where n G M'^ is a unit vector, p & M, (p & [0,27r], and 
/ = (61,62,63) is a basis in Q. It is noteworthy that Xi turn out to 
be symmetries of the CR structure Ti^o{M) (in a sense that will be 
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explained in section 3) and that the CR structures admitting the 3- 
dimensional symmetry group are fully classified in [21], according 
to the Bianchi type of G3. For instance, if M = {{x,y, z) G : y 7^ 0} 
carries the CR structure Ti q{M) = CTi with 

y d iy d Id 
1 + y^ Y d^^ y{l + y^) 

and the contact form 9 = {1/y) dx — ydz (such M possesses a symmetry 
group of Bianchi type VIq) then a local solution A (to the Yang-Mills 
equations) of the form © may be produced. The example (0)) of a 
CR structure on M'^ \ {y = 0} will be encountered again in section 
3. Let now M be a compact strictly pseudoconvex CR manifold, of 
arbitrary CR dimension n. Let S*^ C{M) M be the canoni- 
cal circle bundle (cf. section 3 for definitions). Note that C{M) and 
M X R are locally diffeomorphic. If ^ is a contact form on M then 
C(M) carries a natural Lorentz metric (the Fefferman metric) and 
a moment's thought (compare to (jUHj) in section 5) shows that when 
M is 3-dimensional the Fefferman metric Fq is of the form (Q). Then, 
under the symmetry assumptions above, © is a (local) solution to the 
Yang-Mills equations 

(5) = 



on (C(M),Fe) (with n = 1), and in general it is conceivable that 
when the CR structure Ti^^M) possesses a symmetry group G'2n+i, 
Nurowski's scheme may produce local symmetric null solutions to 
A first step towards the achievement of this goal is performed in section 
3. Note that Q is the pullback (via tt) to M x M of a field on M. It is 
then a natural question whether given a Yang-Mills field on (C(M), Fg) 
of the form 7r*D, it follows that D is a Yang-Mills field on {M,gg), 
where gg is the Webster metric. This question is answered in section 
5, where we integrate along the fibre in the Yang-Mills functional yAi 
on C{M) and produce the new functional (|7j). As it turns out, D is a 
pseudo Yang-Mills field (i.e. a critical point of (|7j)) rather than a Yang- 
Mills field on {M^go) (however, the two notions coincide in the special 
case itR^ = 0). The converse (i.e. whether given a pseudo Yang- 
Mills field D on M its pullback 71*0 is a Yang-Mills field on C{M)) 
is examined in Theorem |21 Solving (jSJ on C (M) is therefore closely 
related to solving the pseudo Yang-Mills equations 



(6) 
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on M , and indeed © projects (under additional conditions, cf. section 
5) on M to give (jH)). One of the main results in this paper is that solu- 
tions to (0) occur as boundary values of Yang-Mills fields on a strictly 
pseudoconvex bounded domain i7 C C" endowed with the Bergman 
metric g (cf. Theorem Q). For the proof of Theorem |21 we draw in- 
spiration from ^T] and make use of their canonical connection V (the 
Graham-Lee connection) whose pointwise restriction to a level set (near 
dVl) of a defining function of Vt is the better known Tanaka- Webster 
connection of the level set. Using the fine asymptotic properties of 
the Bergman kernel of f2 we may choose a defining function allowing 
an explicit relationship among the Bergman metric g and the Webster 
metric of each level set, and therefore an explicit relationship among 
the Levi-Civita connection of (fi, g) and the Graham-Lee connection. 
In the end, an elementary asymptotic analysis shows that boundary 
values Db of Yang-Mills fields D on (fi, g) satisfy (0) provided that 
Dh satisfy certain compatibility conditions along dVL (cf. section 4). 
In sections 6 and 7 we obtain the first and second variation formulae 
for the functional ((Tj). The relevant operator occurring in the second 
variation formula is shown to be subelliptic of order 1/2 (cf. Theorem 
EI). The problem of building an appropriate stability theory (along the 
lines of jl], yet relying on the subelliptic rather than on the elliptic 
theory) remains open. We feel that the importance of the Graham-Lee 
connection V in applications deserves Appendix A: there we provide a 
new axiomatic description of V together with a index-free proof. 

2. Statement of main results 

Let (M, Ti o(M)) be a compact strictly pseudoconvex CR manifold, 
of CR dimension n, and 9 a contact form on M. Let (£", Be) — >■ M be 
a CR-holomorphic vector bundle and h a Hermitian metric in E. Let 
C{E, h) be the affine space of all connections D m E such that Dh = 0. 
We consider the functional 

(7) vyMiD) = l [ WnHR^fOAidO)''. 

Here -kh '■ ^"^{AdE) Q'^{AdE)/Jg is the natural projection and J* 
the ideal generated by 6 in Q*{AdE). A pseudo Yang-Mills field oti M 
is a critical point of VyM. : C{E, h) [0, +oo). We shall show that 

Theorem 1. Let Q = {z & U : f{z) < 0} be a smoothly bounded 
strictly pseudoconvex domain in C" and g its Bergman metric. Let 
n : E U be a holomorphic vector bundle and h a Hermitian metric 
on E. Let E C{E,h) {E = 7i^^{dQ)) be the boundary values of a 
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Yang-Mills field D G C{F, h) on {^l,g). Assume that ixR^*' = 0. Then 
Dh is a pseudo Yang-Mills field if and only if i^R^ = on H{dQ). 

Here T is the characteristic direction of {dQ,6), 9 = |(9 — d)(p, and 
H{dfl) is the Levi distribution. Also = —JT (J is the complex 
structure on C"). The proof relies on the explicit relationship among 
the Levi-Civita connection of (f2, g) and the Graham-Lee connection 
V of </9 (cf. yjj and our Appendix A for the description and main 
properties of V) . 

Urakawa has started (cf. [Sn]-|n2]) a study of Yang- Mills fields on 
M, that is of critical points of the functional 

yMiD) = l [ WR'^fdYolige), 

where dYol^go) is the canonical volume form associated to the Webster 
metric ge of (M, 6). As it will be shortly shown, yA4 and VyA4 are re- 
lated. To motivate the definition of VyAi let Fg be the Fefferman met- 
ric of (M, 6) (a Lorentz metric on C{M), the total space of the canonical 
circle bundle vr : C{M) M (cf. e.g. J.M. Lee, [H])). By a result of 
E. Barletta et alt., |2|, the base map cf) : M ^ N corresponding to any 
smooth S^-invariant harmonic map $ : C{M) — > A^ from {C{M),Fg) 
into a Riemannian manifold [N^g^) is locally a subelliptic harmonic 
map (in the sense of J. Jost & C-J. Xu, ^3]). Also </> is a critical point 
of the functional -E(0) = | J^,^traceGg {'T^h4'*9n) G A (dO)'^, where Gg is 
the Levi form. Here, if i? is a bilinear form on T{M) then tthB denotes 
the restriction of B to H{M), the Levi distribution of (M,Ti,o(M)). 
The functional E itself is obtained by integration along the fibre in 
the Dirichlet functional E($) = ^ fc(^]^f) traceFg{^*gN) dvo\{Fg), where 
$ = o vr. Then perhaps subelliptic harmonic maps (rather than 
harmonic maps, with respect to the Webster metric) are the natural 
objects of study in CR geometry. Another example of the sort is the 
CR Yamabe problem, i.e. given a contact form ^ on M such that Gg is 
positive definite, find a contact form 6 = e'^6, u G G°°{M), such that 
the pseudohermitian scalar curvature p of (M, 9) is a constant A. By 
a result of J.M. Lee, PH], the Fefferman metric changes conformally 
p. ^ e"°^Fe. Also the scalar curvature K : G{M) ^ M of {C{M),Fg) 
is S'^-invariant and the corresponding base function tt^K : M ^ M is, 
up to a constant, the pseudohermitian scalar curvature p of (M, 9) 
(precisely tt^K = ^^^p). Therefore, the CR Yamabe problem is 
nothing but the Yamabe problem for the Fefferman metric and the 
relevant equation (the Yamabe equation on {C{M),Fg)) projects on 
CnAi,u + pu = Am^~^ (the CR Yamabe equation), a nonlinear subelliptic 
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equation on M (which may be analyzed with the techniques in [H], cf. 
D. Jerison & J.M. Lee, [131- [H, and N. Gamara & R. Yacoub, [101, 
for a complete solution to the CR Yamabe problem). The common 
feature of the two examples above is that both provide natural objects 
on M, as projections of (S'^-invariant) geometric quantities on C(M), 
associated to the Fefferman metric. A more refined statement is that 
both examples lead to nonlinear subelliptic problems on M. This has 
been already emphasized for the CR Yamabe problem. As to the ex- 
ample of S'^-invariant harmonic maps $ : C{M) N, the base map 
is a solution to A,(f)' + g^PT^{(l)^)T^{(t)^){{V n)]^ o 0) = 0, where (r^);.;, 
are the Christoffel symbols of the second kind oi qn- On the same line 
of thought, we may state the following 

Theorem 2. Let M be a compact strictly pseudoconvex CR manifold, 
of CR dimension n. Let 9 he a contact form on M with Gg positive 
definite. Let {E, Be) —>■ M be a CR-holomorphic vector bundle and h 
a Hermitian metric in E. i) There is a constant Cn depending only on 
the dimension and the orientation of M such that 

(8) CnyM{D) =VyM{D) + 2 [ WirR^f 9 A (dO)'', DEC{E,h). 

J M 

Consequently, given a Hermitian connection D in E whose curvature 
R^ is of type (1,1), D is a pseudo Yang-Mills field on M if and 
only if D is the Tanaka connection of {E,dE,h). ii) Let yM.{p) = 
l/c(M)(^"'^'") dvol{Ee) be the Yang- Mills functional on C{M), for 
D G C{TT*E,TT*h). Then 

(9) yM{7r*D) = 27rryM{D), D G C{E, h). 

Consequently, ifTi*D is a Yang- Mills field on {C{M),Eg) then D is a 
pseudo Yang- Mills field on M . Viceversa, let D be a pseudo Yang-Mills 
field on M such that ixR^ = 0. Then tx*D is a Yang-Mills field on 
C{M) if and only if 

(10) {R-~^ - g-~^)R''{T^, T-j,)u = 0, 

for some local frame {T^ : 1 < a < n} ofTifl{M) at any point x G M , 
and 

(11) Agi?^ = 0. 

In particular, if M is (pseudohermitian) Ricci flat then the pullback 
TT*D of the canonical Tanaka connection D of {E, h) is a Yang-Mills 
field. 
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The main ingredients in the proof of Theorem |21 are a local coordi- 
nate calculation of the Fefferman metric of (M, 6), the explicit relation- 
ship among the Levi-Civita connection V'^^^^^ of {C{M),Fe) and the 
Tanaka- Webster connection V of {M,6) (cf. Lemma |2I), and Theorem 
2.3 in jiSn!, P- 551. We may also state (delegating the definitions to 
section 2) 

Theorem 3. Let D be a pseudo Yang-Mills field and = D + A^, 
\t\ <e, a smooth variation of D whose first order part ip = {dA^/dt}t=o 
satisfies ixf = and 5^ip = 0. Then 

(12) ^,{vyMiD')},=, = Jjs^i^) .v)d^ (der 

where S^{lp) = Af ^y9 + 7^f and Afv^ = d^ 5^ ip + 5^ d^ ip is the gen- 
eralized sublaplacian. The operator Sj^ : VL^'^{K({{E)) —>■ Q^'^{Ad{E)) 
is suhelliptic of order 1/2. 

As TZ^ is a zero order operator, the crucial point in the proof of 
Theorem El is to show that 

(13) (Af^) ® e, = 2{n,ip)+ 

+ {n — 1)(VtV^} + V] o t) o J} (g) Cj + lower order terms, 

for any ip G f2°'"'^(Ad(i?)), ipej = (g) e^, and then exploit the subellip- 
ticity of the Kohn-Rossi operator on scalar (0, l)-forms. 

3. CR AND PSEUDOHERMITIAN GEOMETRY 

3.1. Basic definitions and results. Let M be a C°° manifold, of 
real dimension {2n + 1). A complex subbundle Tifi{M) C T{M) C, 
of complex rank is a CR structure on M (of CR dimension n) if 

Ti,o(M)nro,i(M) = (o), 

Z,W e T°^{Ti^o{M)) =^ [Z,W] G r°°(ri,o(M)). 

Here To,i(M) = Ti^q{M) is the complex conjugate of Ti o(M). Also, if 
E' — i> M is a vector bundle then r^{E) denotes the space of C°° sections 
in E (eventually defined on some open set U C M, to be understood 
from the context). The tangential Cauchy-Riemann operator 

db : C°°(M) ^ r°°(To,i(M)*) 

is given by {di,f)Z = Z{f), for any C°° function / : M — > C and any 
Z G Tifi{M). Let E —>■ M he a. complex vector bundle over a CR 
manifold. A pre-d- operator is a first order differential operator 

Oe : T^{E) r°°(To,i(M)* ® E) 
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such that 

dEifu) = JOeu + (dbf) ® u, 

for any / G C°°{M) and any u G r°°{E). A pair {E,dE) consisting 
of a complex vector bundle and a pre-9-operator is a CR-holomorphic 
vector bundle if Oe satisfies the integrability condition 

[Z,W] ■ u = Z - W ■ u - W -Z ■ u, 

for any u e T°°{E), Z,W e Ti,o(M). Here Z ■ u is short for (dEu)Z. 

Let H{M) = Re{Tifl{M) ©To,i(M)} be the Levi distribution and 
J : H{M) H{M), J{Z + Z) = i{Z -Z), Z G Ti,o(M), its com- 
plex structure {i = a/— 1). When M is oriented, which is assumed 
throughout this paper, the conormal bundle H{M)^ = {u E T*{M) : 
Ker(ci;) ^ H{M)x}, x G M, is an oriented real line bundle, hence 
trivial {H{M)-^ ^ M x R, a vector bundle isomorphism). There- 
fore H{M)^ M admits globally defined nowhere zero sections 6 G 
r°°{H{M)^), each of which is referred to as a pseudohermitian struc- 
ture on M. The Levi form is 

LeiZ,W) = -i{de)iZ,W), 

for any Z,W E Tifi{M). {M,Ti^o{M)) is nondegenerate if Lg is nonde- 
generate for some 6. If this is the case, each pseudohermitian structure 
6' is a contact form, i.e. 6 A [dO)"^ is a volume form on M. Two pseu- 
dohermitian structures 9,9 E T°°{H{M)^) are related by ^ = f9, for 
some C°° function / : M — ^ M \ {0}. Then L^ = fLg, hence nondegen- 
eracy is a CR invariant notion (i.e. invariant under a transformation 
9 f9 of the pseudohermitian structure). Let T is the unique nowhere 
zero globally defined tangent vector field on M, transverse to the Levi 
distribution, determined by 9{T) = 1 and iTd9 = (the characteristic 
direction of d9). Also, let us consider the semi-Riemannian metric qq 
(the Webster metric of (M, 9)) given by 

ge{X,Y) = Ge{X,Y), ge{X,T) = 0, ge{T,T) = 1, 

where Gg{X,Y) = {d9){X,JY), X,Y e H{M), is the (real) Levi 
form (note that Lg and (the C-linear extension of) Gq coincide on 
Tifi{M) (8)To^i(M)). (M, Ti o(M)) is strictly pseudoconvex if Lg is posi- 
tive definite for some 9. For instance, if M = {{x,y,u) E M.^ : y ^ 0} is 
endowed with the CR structure given by (jlj in the Introduction then 
a calculation shows that the characteristic direction (corresponding to 
the contact form 9 = (l/y) dx — ydz) is 

^_ y{^ + y^) d l 2.d__^+^d_ 
4(1 + 1/2) ax y > Qy 4:y{l + y'^)dz 



so that 

(where T- = Ti). Consequently 

L,(Ti,Tt) = (z/2)0([Ti,Tt]) = 1/(1 + 

hence M is strictly pseudoconvex. A fundamental result in pseudoher- 
mitian geometry (established independently by N. Tanaka, |29|, and S. 
Webster, [34j) is that on any nondegenerate CR manifold on which a 
contact form 9 has been fixed there is a unique linear connection V 
(the Tanaka- Webster connection of {M,6)) such that i) H{M) is par- 
allel with respect to V, ii) Vge = 0, VJ = 0, and iii) the torsion Ty of 
V is pure, i.e. 

T^{Z,W) = 0, Tv{Z,W) = 2iLe{Z,W)T, Z,WeT^^o{M), 

roj + jor = 0, 

where t{X) = Ty{T,X), X G T{M), is the pseudohermitian torsion. 
If M is 3-dimensional (n = 1) and Ti is a local generator of the CR 
structure we set 

VT,Ti = riiTi, VT-Ti = ri,Ti, VtT, = TI,Ti. 

A calculation (based on (i)-(iii)) shows that 

(14) r\, = g''{T,{g,j) - ge{T,, [T,,Tj])}, 

(15) T\^ = g^^gem,T,lTj), 

(16) rJi = (7%([r,Ti],TT). 

Here gij = LeiTi^Tj) and (?^^ = l/gij- Going back to the example 
\ {?/ = 0} with the CR structure (jH) we have 

hence fbv (fni) - (IT!)|l 1 

1 1/^ ^ T.1 ^ 



We assume from now on that, unless otherwise stated, M is strictly 
pseudoconvex. A complex valued differential p-form rj on M is of type 
{p, 0) (or a (p, 0)- form on M) if Tq^i{M) J = 0. Let ^ be a contact form 
on M and T the characteristic direction of dO. Let {Tq, : 1 < a < n} 
be a local frame in Ti^q{M), defined on an open set U C M. Let : 



10 



1 < a < n} be the corresponding admissible coframe, i.e, the (locally 
defined) complex 1-forms determined by 6'"(T^) = 6^, 0"{T-^) = 0, 

and ^"(T) = 0. Here = 7>. Then {^",^°,^} is a (local) frame of 
T*(M) (g) C on t/ and a (p, 0)-form rj on M may be locally expressed as 
sums of monomials of the form O"'^ A - ■ ■A6°'p or OAO"^ A - ■ ■A6°'p-^ (with 
C°°(f/)-coefficients). Therefore, the top degree complex forms rj such 
that Tifi{M) J ?7 = are (unlike the case of complex manifolds, where 
the top degree is the complex dimension) the forms of type (n + 1, 0) 
(where n is the CR dimension). Let K{M) = A"+i'°(M) ^ M be the 
bundle of (n + l,0)-forms on M (the canonical line bundle). There 
is a natural action of M"*" = (0, +oo) on K{M) \ {zero section}. Let 
C{M) be the quotient space and tt : C{M) M the projection. Then 
C{M) ^ M is a principal 5* "^-bundle (the canonical circle bundle). Its 
locally trivial structure is described by 

7i-\U) X S\ [u]^ {x , X/\X\), 

= A(e A ^1 A ■ ■ ■ A r)^, xeU, XeC* = C\ {0}. 

We shall need the local fibre coordinate 

^■.n-\U)^R, 7(M) = arg(A/|A|), 

where arg : [0,2n). Let {E^Se) — > M be a CR-holomorphic 

vector bundle. Let hhe a, Hermitian metric in E. Let C(i?, h) be the 
affine space of all connections D m. E such that Dh = 0, i.e. 

X{h{u, v)) = h{Dxu, v) + h{u, Dj^), 

for any X G T{M) C and any u, f G r°°{E). A connection D G 
C{E, h) is Hermitian if D^'^ = Be- Here D^'^u is the restriction of 
Du to To,i(M). Let Ad{E) ^ M he the subbundle of End(E) ^ M 
consisting of all skew-symmetric endomorphisms S, i.e. h{Su, v) + 
h{u, Sv) = 0, for any u,v E T°°{E). By a result in p. 43, given 
a contact form 6 and an endomorphism S G r°°(Ad(£')) there is a 
unique Hermitian connection D = D{h,6,S) in E (the canonical S- 
connection) such that 

(17) Ag = 2nS. 

Here = D o D : n°{E) n^{E) is the curvature 2-form of D. Also 
we set n''{E) = T°°{A^T*{M) E), k > 0. If F ^ M is a vector 
bundle and (p G r°°(T*(M) (g) T*(M) (g) F) the trace Ag*/? of ip is given 
by 

n 

i{AeLp)^ = ^ V^(^a, ^a)x , 
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where {Z^} is a (local) orthonormal (i.e. Le^ZajZ-^) = Sap) frame 
of Tifi{M) on U 3 X. Therefore Ae(p E T^{F). When 5 = the 
canonical 5'-connection is the Tanaka connection D{h, 6,0) in E M 
(cf. j2n])- D{h, 6, 0) is a CR invariant. Assume M to be compact. The 
Yang-Mills functional yAi : C{E, h) [0, +oo) is given by 

yM{D) = ]- f ||i?^f A (rf^)". 
2 Jm 

A Yang-Mills field on M is a critical point D G C{E, h) of yAi, i.e. a 
solution to the Yang-Mills equations 

(18) = 0. 

Let Q he a. differential 2- form on M. Then Q is of type (1, 1) if 
n{Z,W) = 0, n(Z,W) = O, for any Z,W e Ti^o{M), and ir^^ = 0. 
Let D G C(i?, h) be a Hermitian connection such that its curvature 
is a form of type (1,1). By a result in [20], D is a Yang-Mills field if and 
only if D is the Tanaka connection D{h, 6, 0). In general, canonical 5- 
connections solve the inhomogeneous Yang-Mills equations 6^R^ = /, 
in the presence of suitable compatibility conditions satisfied by / (cf. 
Theorem 2 in p. 44-45). 

3.2. Symmetric CR structures. The CR structure Ti^q[M) is sym- 
metric if there is X G X{M) such that 

for some functions t, w^, £° on M {t real valued) and X is a symmetry 
of Ti,o(M). If 

e = e''9, 9'' = + 9 , 

(where [U^] is GL(n, C)-valued) and X is a symmetry of the CR struc- 
ture then 

(19) Cx9 = i9, i = t + X{u), 

(20) £x 9" =w"p9'^ + r 9 , 
w'l^{U-X{X{U^)+U^wP^}, 

t = e-"{X(t;") + U^i^ + - {U-yy[X{U^) + Uj^w!^]}. 

In particular ()19p -()20j ) show that the notion of symmetric CR structure 
is globally defined. Assume from now on that the CR structure Tifi{M) 
admits 2n + 1 linearly independent symmetries Xi, ■ ■ ■ , X2n+i G X{M) 
such that [Xj,Xj] = cf^X^, for some c^j G M. 
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Proposition 1. (P. Nurowski, ^24j ) 

Let M be a strictly pseudoconvex CR manifold with if^(M;M) = 0. 
There is a transformation {9^ 9°'} i— of the form 

(21) (] = e"^, = U;^9(^ + v"9, 
where [U^] is GL{n, C) -valued, such that 

CxP = 0, CjiP" = 0, l<i<2n + l. 

Here H^{M;M.) is the first de Rham cohomology group. Its vanishing 

guarantees that the solution u to is globally defined. 

Proof of Proposition^^ As Xj are symmetries of the CR structure 

C^,9 = t.9, C^r = w:^9^ + it9. 

We must solve the system of first order linear PDEs 

(22) ti + Xi{u) = 0, 

(23) UU^) + U^w]^ = 0, 

(24) x,{v'') + U^i^ + v% = 0, 

with the unknowns u, f/^ and f". Let rj G Q^{M) be defined by 
r]{Xi) = ti, 1 < i <2n + l. Then ^ may be written du + rj = 0. We 
have 

hence 

Xi(t,)-X,(t,)-4tfc = 

that is (ir] = 0. Thus there is a globally defined real valued function 
g G C°°(M) such that rj = dg and u = —g solves ((221) • Next, we 
consider the (locally defined) 1-forms 77^ and 77°" given by 

r/^(X,)=<^, r7"(X,)=£^ 1 < ^ < 2n + 1. 

Then (|2SD-(|21D may be written 

(25) rff/^" + f/,^^ = 0, 



(26) 



dv"" + 7] + m T]'^ = 0. 
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Assuming that ()25|1 has been solved in a neighborhood U of each point, 
let us solve Multiplying in both sides by e""" (where m is a solution 
to (1221)) leads to 

(i(e-"t;") + e-"f/|/ = 0. 

Therefore, to prove existence of a (local) solution f ° to ()26p it suffices 
to show that e~'^Upri^ is exact (in a neighborhood of a point). The 
identity 

r r na n na , na 

yields 

(27) rfr^^ = V'^ A r^^ , 



(28) rfr/" = r/;^ A / + r/" A r/. 
Let [/^ be a solution to Then (by (j2Hl)) 

d{e-''U^r]'^) = e'^'idU^ A / + - Uj^ du A = 

= e-"?7^{rfr/^ - r/^ A r]^ - r/^ A r^} = 0. 

Thus there is a function G C°°{U) such that e~'^U^T]^ = df^ and 
f " = — e"/" solves ()26|). To solve ()25p let (?7, x*) be a normal coordinate 
neighborhood at a point Xq G M (we think of M as a Riemannian 
manifold with the Webster metric ge). We shall show that for any 
G C there is a unique solution to (|25p with the initial condition 
C/g(xo) = Cp. Let a = [a^, ■ ■ ■ ,0^"^^^) G f/ be an arbitrary point and 
let us consider the geodesic at = {aH,--- ,a^"+-'^t). Let fj^it) be the 
solution to the Cauchy problem for the system of ODEs 

df^ 

with the initial condition /^(O) = c^, where dt is the tangent vector at 
at. We define G C°°(f/) by setting U^{a) = /^(l). Of course, if we 
start with det(c^) 7^ then [U^] is GL(m, C)-valued on a neighborhood 
of xq. We wish to show that Up satisfies (j^ . i.e. 

(29) F(^^") + t/,"(a)r/^,„(r) = 0, 

for any y = IP {d / dx^)a G Ta(M). We start by extending Y to the 
vector field Y = d/dx^ with constant components on U. Similarly, 
let us extend the vector field dt along the geodesic at to the vector field 
X = a* d/dx^. We shall show that along at 

(30) X (YiU^) + [/; r^^(F)) + (F(f/^") + f/; r^^(F)) r^^(X) = 0. 
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When this is done, we see that Y{U^) + Upri'^{Y), clearly satisfying 
F(f/^) + Up Tj^iY) = at Xq, must be the zero function (which satisfies 
()3U|) with the same initial condition), i.e. (j^^ is verified. It remains 
that we prove ()30|) . This follows from ()27|) . Indeed (as [X, F] = 0) 

X{r^{Y)) = Yir^iX)) + v^{XWp{Y) - v^{YWp{X) 

and the proof of ()3()j) is straightforward. Proposition ^ is a first step 
towards recovering the methods of P. Nurowski, |^| [eventually leading 
to local solutions of the Yang-Mills equations on {C{M),F0)] as men- 
tioned in the Introduction. The result in Proposition^ may be refined 
to show that there is a coframe {Q,Q°'} such that 

n 

(compare to (0) in the Introduction). The proof is illustrative of the 
local methods in pseudohermitian geometry. Let be the 1- 

forms furnished by Proposition Q given by a transformation of the 
form dni- If {T, To,} is such that 9{T) = 1, dO = and ^"(T^) = 5^, 
^«(T^) = 0, r(T) = 0, let us set W^, = {U-^)^Tp. One may easily 
show that 

(31) dn = 2iG^-^ A + $ A 1], 

where G^-^ = e'^iU-^Jjlg^-p and $ = e-"{iy„(M)(]" + W^iyjOf"}. By 
Cx = doix + ix°d it follows that Cx^dQ = 0. Taking the Lie derivative 
of (jHTj) gives 

= Cj^m = 2v/^/:^^(G„^)^]" a n^+{Cx^<^) a n 

hence (as Cx_^ = 0, mod Q) on one hand Xj(G'^^) = 0, i.e. = 
a^-jj G C, and on the other Cx.^ = 0. The latter may be written 
dua — Ua du = (where Ua = Wa{u)). Hence d{e~^Ua) = 0, i.e. 
Ua = CaC^, for some Cq, e C. Therefore $ = Cq.^" + CqQ". Finally, let 
[6^] be a square root of [a^^] (as [a^^] is positive definite) and consider 
the transformation 

Then dVL = 2i Yl=i ^ and Cxp" = 0. Q.e.d. 

4. Boundary values of Yang-Mills fields 

Let C C" be a bounded domain with smooth boundary dQ, i.e. 
there is a neighborhood U D Q and a real valued function (p G C°°{U) 
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such that Q = {z e U : ip{z) < 0}, dfl = {z e U : ip{z) = 0}, and 
Vip{z) 7^ 0, for any z G dQ. We assume that Q is strictly pseudo convex, 
i.e. dQ is a strictly pseudoconvex CR manifold (with the natural CR 
structure Ti^oidQ) = T^'0(C") n [T{dn) ® C] induced by the complex 
structure of the ambient space). 

Let n : F ^ U he a holomorphic vector bundle. The portion E = 
71^^ (dQ) of F over the boundary of Q is CR-holomorphic. Indeed, as 
F is holomorphic, there is a natural differential operator 

dp ■■ r°°(F) ^ r°°(r°'i(f/)* ® f) 

where T^'^{U) is the anti-holomorphic tangent bundle over U. Given 
u G r°°(i?) let u G r°°(F) be a C°° extension of m as a cross-section 
in F and set [dEu)^ = {dpu)^ for any z G dVl. The definition of 
(dEu) does not depend upon the choice of extension -u of m because 
(^f)\ToMa^) = ^'^^lan) ^ny function f : U ^ C. Let : 
7T~^{Qa) ^ X C'" : a G /} be a trivialization atlas for F and 
Gf^a : f2/3 n ^ GL(m, C) the corresponding transition functions. 
Set Ua = ^ dQ and gjSa = C^iSalu^f-^u^- holomorphic, 
it follows that E dQ is a peculiar type of CR-holomorphic vector 
bundle (called locally trivial by C. Le Brun, ^7]) in that its transition 
functions g^a are matrix valued CR functions on dQ. 

Let K{(, z) be the Bergman kernel of Q. By a classical result in [S] 

(32) ir(C, z) = Cf,| V^(z)p ■ det L^iz) ■ ^{C ^)"^"+'^ + ^^(C, 

(the Fefferman asymptotic expansion formula for the Bergman kernel) 
where H G C°°(n x H \ A), A is the diagonal of dn x dn, and if 
satisfies the estimate 

(33) |i7(C,^)|<4|vl/(C,^)|-{"+i)+V2.|iog|vi,(^,^)||. 
Here = ddip. Also we set 

vi/(c, z) = (F(C, ^) - ^iz))xi\C - ^1) + (1 - x(IC - ^l))IC - 

where 

"'ft ■] P)2 

j=l j,fc=l 

and x(t) is a C°° cut-off function with x(t) = 1 for |t| < eo/2 and 
xit) = for |t| > 3eo/4. As a consequence of 

ir(z,z)-i/("+i) = 1^(^)1 mz)+Hiz,z)Mz)rY'^^''^'^ 
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where $(2;) = cq\V ip{z)\'^ det L^{z) stays finite near dQ and (by (jSSI)) 

|i7(^,z)ll^(^)ri<4|^(^)|V2| log 1^(^)11 -.0, as z-^an. 

Therefore K{z, z)^^^^^^^^ vanishes at dil. Also, as ^{z) 7^ near the 
boundary, V K{z, z)^^^^"-^^^ 7^ along d^l, hence K{z, z)~^^^'^~^^^ may 
be used as a defining function for fl. 

For the rest of this section we assume that <^{z) = —K{z,z)~^^^'^'^^^ 
and set 6* = 1(5 — d)ip. Then dO = i ddip. Let us differentiate log \ip\ = 
— {l/{n + 1)) log-f^ (where K is short for K{z, z)) so that to obtain 

1 - 1 - 

— dip = d log K. 

ip n + 1 



Applying the operator i d leads to 

(p (p^ n + 1 

We shall need the Bergman metric 

92 logi^ 

dz^dz^ 

As well known, g is a. Kahler metric on Q (Kahler-Einstein when Q 
is homogeneous). Here denotes the symmetric tensor product, i.e. 
aQ(3=l{a0(3 + /30a). Let us set u;{X, Y) = g{X, JY) (the Kahler 
2-form of (fi, J, g), where J is the underlying complex structure). Then 
uj = —idd log K and ()34|) may be written 



(34) -dd- — dp)hdp) = -^—^dd\ogK. 



g = " ""^ " " dz^ © d:z'' 



ri -1- 1 7 

(35) (7(X, Y) = -^{- {d^ A dip){X, JY) - d9{X, JY)}, 

ip ip 

for any X, F G X{Vl). 

We denote hy Ms = {z & Vt : ip{z) = —6} {6 > 0) the level sets of ip. 
For S sufficiently small Ms is still a strictly pseudoconvex CR manifold 
(of CR dimension n — 1). Therefore, there is a one-sided neighborhood 
V of dQ which is foliated by the (strictly pseudoconvex) level sets of 
ip. Let be the relevant foliation and let us denote by H{J^) — > V 
(respectively by Ti o(JF) V) the bundle whose portion over Ms is 
the Levi distribution H{Ms) (respectively the CR structure Ti q{Ms)). 
Note that 

Ti,o(^)nro,i(^) = (0), 

[r°^(ri,o(-F)),r°°(ri,o(^))] c r°°(Ti,o(^)). 



Here To,i(jF) = Ti o(JF). By a result in [20j, there is a unique complex 
vector field on V, of type (1,0), such that dp{^) = 1 and ^ is or- 
thogonal to Tifi{J^) with respect to ddp, i.e. ddp{^,Z) = 0, for any 
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Z E Tifi(T). We set r = 2ddip{^,^) (r is the transverse curvature of 
if). Let ^ = |(A^ — iT) be the real and imaginary parts of C,- Then 

{d^){N)=2, id^)iT) = 0, 

e{N)=0, 9{T) = 1, 

dip{N) = 1, dip{T) = i. 

In particular, T is tangent to (the leaves of) JF. JF carries the tan- 
gential Riemannian metric ge (defined by (jlUUj) in Appendix A). Note 
that the pullback of ge to each leaf Ms of is the Webster metric of 
Ms (associated to the contact form jg9, where js ■ Ms C V"). As a 
consequence of 

n -\- 1 

(36) g{X,Y) = 9e{X,Y), X,Y e H{r). 

Also (by JT = -N and (ITO ) 

(37) g{X,T) = 0, g{X,N) = 0, X e H{J^), 



n + 1 / 1 

(38) g{T, N) = 0, g{T, T) = g{N, N) = - - r 

In particular l—np > everywhere in Q. Using ()36|) - (jnH|) we may relate 
the Levi-Civita connection of (V, g) to the Graham-Lee connection 
V (cf. Appendix A). By §^ (as X(^) = 0, X G T(J^)) 

(39) g{V'^Y,Z)=g{VxY,Z), X,Y,ZeH{J^). 
Note that any tangent vector field X G T{V) decomposes as 

X = 71hX + d{X)T + ^{d^){X)N, 

{txh : T{V) H{J^) is the projection). By JMl) 9i[T,X]) = 0, X G 
H{J^). Also [T,X] G T(J^), hence [T,X] G /f(J^), for any X G /f(J^). 
Taking into account the identity 

(40) 2^(V^F, Z) = XigiY, Z)) + Y{g{X, Z)) - Z[g{X, r)) + 

+(?([X, F], Z) + (7([^, X], r) + g{X, [z, r]), 
for any X, F, Z G T(\/), one has (by (jHTj)) 

2^(V^F,T) = -T(^7(X,F)) + 
+(7([X, F], T) + (7([r, X], y) + (7(X, [T, F]) = 

= ^ {T(^7.(X, F)) - ge{[T, X], F) - ^^.(X, [T, F])} + 
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+!i±i(i-,),(|.Y.F]). 

for any X, F G H{J^). By ^^-^^ and V xY E H{J^) it folfows 
that 

nge{X, Y)) - ge{\T, X], F) - ge{X, [T, F]) = 2ge{TX, Y) 

(note that one makes use of the fact that r : H{J^) H{J^) is self- 
adjoint, i.e. geirX^Y) = gg{X,TY), X,Y e H{T)) hence 

^?(V^F,T) = -g{TX,Y) - !i±l (1 -r) {de){X,Y) 

or 

(41) ^7(v^r, T) = -(7(rx, - - ^) 9{X, 

for any X, F G H{J^). Expfoiting again V^g = (and g{[X,Y],N) = 
0) we get 

2g{V'^Y,N) = -{CN9){X,Y), X,Y e H{J^). 
Hence (by (fT^ in Lemma IH) 

77-1-1 T7 -I- 1 

25(V^^y, X) = V ^(^) ^?^(^' + ^ {CN9e){X, Y) = 

= 2(--r] g{X, Y) + '^.t±A ^d9){X, tY) 

that is 

(42) ^?(V^F, ^) = - ^) 9{X, Y) + (7(X, r y), 

for any X, F G H{J^). Note that (jl^ may be also derived from (PT|) 
by using the fact that (7 is a Kahler metric. Indeed 

^(V^F, X) = (?( JV^y, JX) = (7( JF, T) = 

= -g{rX, <PY) - - ^) 9{X, 0V), 
etc. For further use, let us also retain that 

(43) {CNg){X, Y) = -2 - 9{X, Y) - 2g{X, 0rF), 

for any X, F G i/(J^). At this point, the identities §^ and (HT|l - P2|) 
lead to 

(44) V^F = VxY+ 
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+ <i geirX, Y) + geiX, 0r) I T- 

1 — (pr J 

,(X,Y) + ge{X,4>rY)] N, 

1 — (fr J 

for any X,Y E H{J^). To compute Vj^T we use (jl^ and 

^(V^T,F) = -(7(T,Vm 

so that 

(45) ^7(V^T, F) = ^7(rX, + " ^) 
The component along T is |X(||T|p) hence 

(46) ^(V^T,T) = -^X(r). 

Moreover (by ()104|) in Appendix A) 

25(V^T, N) = g{X, [N, T]) = -g{X, 0V^r) 

that is 

n + 1 

(47) g(^v'^T,N) = -^{<pX){r). 
Summing up (by (P5|l - (jTfjl ) 

(48) V^T = rX-(^^-r^<t>X- ^^^^^ {X{r)T + (0X)(r)Ar} 

for any X G -^(J^). Again by (gH) and 

(?(V^Ar,F) = -^?(Ar,V^r) 

we get 

(49) g{V'xN,Y) = - (^i -r^ ^^(X, y) - (^(X, 0rr). 
Next (by 



(50) ^(V^Ar,T) = ^(</>X)(r). 
Finally, the component along N is |X(||iV|p) hence 

(51) ^7(V^^Ar,Ar) = -^X(r). 
Summing up (by 

(52) W^xN = - (^^-r^ X + T(PX+ 
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-{{<pX){r)T - X{r) N], 



for any X G H{T). We wish to compute Vf^X. To this end (by 
V(79 = 0) 

2ge{yTX, Y) = T{ge{X, Y)) + gg{[T, X],Y) + gg{[Y, T],X) + 

+ge{T, [Y, X]) + ggirX, Y) - gg{rY, X) - 2{d9){X, Y) 
yielding (upon multiphcation by —(n + 

TigiX, Y)) + g{[T, X],Y) + gi[Y, T],X) = 2^(VtX, Y). 

Therefore (by V^^i = 0) 

2r7(V?.X, Y) = T{g{X, Y)) + g{[T, X],Y) + g{[Y, T],X) + 

+g{T, [Y,X]) = 2g{VTX,Y) - 9{[X,Y])\\Tf 

or 

(53) giV'^X, Y) = giVrX, ^) + - ^) 9{X, (^Y). 
Similar to the above 

(54) g{V^^X,T) = -^X{r), 

(55) ^(vf.X,iV) = -!^(0X)(r). 

Zip 

Collecting the information in (j^Hjl - lj^^j) . we have proved 

(56) Vf,X = VtX- y{X(r)T+(0X)(r)iV}, 

for any X G H{J^). Let us compute V^X. We have 

2g{V%X, Y) = N{g{X, Y)) + g{[N, X],Y) + g{[Y, N],X) = 
= 2g{[N,X],Y) + iCNg){X,Y). 

Using (jIH)) and 

[N, X] = VnX - rX - r(0X) 
(cf. Appendix A) one shows that 

(57) giV%X, Y) = giV^X, Y) - - g{X, Y). 

Calculations similar to the above also furnish 

(58) ^(V^^X,T) = ^(0X)(r), 
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(59) g{V%X,N) = -^X{r). 
Using (fS7|) - (fS^ we may now conclude that 

(60) V%X = VnX-^X + -^-^--^{(0X)(r)T - X(r)iV}, 
for any X G H{J^). Moreover (omitting the details) 

77-1-1 

g(V'„T,X) = -^(4,X){r), 

9(V»„T.T) = -!l±i|iV(r) + 4-H:|, 

n -\- 1 

g{V%T,N) = -^T{r), 

so that 

(61) V^T = -^0V^r- 
^ ''N{r) + — )T + T{r)N 



2(1 — r(p) \ \ ip'^ (f 

Similarly we find 

(62) V?rN = ^ 0V^r- 

f/^Ar/^N ,4 6r , ^ , 



^(^) + ^ +Ar']T + T{r)N } , 



2(1 — np) W ifi'^ (f 

(63) V'tT = ~ V^r- 



T(r)T - A^(r) + — + 4r^ 



2(1 — rfyj) \ if^ if 

(64) V?^Ar = V^r+ 

^T(r)r - f iV(r) + A _ ^ ) AT 



2(1 — ry9) 1^ \ Lp^ if 

Let us consider a holomorphic vector bundle n : F ^ U, carrying the 
Hermitian metric h, and set Es = tt^^{Ms) (the portion of F over a leaf 
of JF). A connection D G C(F, h) induces a connection Z)*^ G C(i?5, /i^) 
(where /i^^^ = h^, z & Ms). is most easily described with respect 
to a local trivialization $ : 7r^^(0) — O x C™ of F, for some open 
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subset O C U. Let us set ai{z) = $ ^{z, Cj), z E O, 1 < i < m, where 
{ci, ■ ■ ■ , Cm} is the canonical hnear basis in C'". If Ui = cTjl^pi^^ then 
is given by 

(Dj^u), = XiD^Uiiz) + ^iz)iD^dn)xCT^). , zeOnMs, 

for any section u = fui, f G C°°(0 n M^), and any X e X{Ms). 
It is easily shown that the definition of {Dj^u)z doesn't depend upon 
the local trivialization chart $ at 2; (i.e. if (7 = [gij] : O (1 O' —>■ 
GL(m, C), g{z) = $2 ° ^7^; ^^e transition functions of F then 
(D^m)^ is invariant under the transformation <7j{z) = g'j{z)al{z)). Let 
G Q'^{Ad{F)) and cu* be the curvature tensor field and connection 
1-forms of D {Daj = lUj (8> cTj), so that R^crj = 2{diUj — cj^ A lUj) ® at. 
Also, let i?'' G ^7^(Ad(£'5)) and (cu^)} be the curvature tensor field and 
the connection 1-forms of D^, respectively. Then {uJsYj = j'^ujj yields 

(65) R^Ui = {j*sR^)(Ti , l<i<m. 

Let {Wa} be a local orthonormal {gQ{Wa, Wp) = 5a/3) frame of Tifi(J^) 
and set 



where f = (p/{l — np). Then, given a connection D m F U ^ for any 
X G i/(M5) 

n 

(5^i?^)X = -Y^{{De^R^){E-,,X) + (D^,i?^)(E„,X)} = 



a=l 

n-1 



n + 



a=l 



^^^-{(D^i?^)(e,X) + (Dji?^)(e,X)} 



and 



n + 

n-l 



5^(DH^„i?^)(iy^,X)a,= 
= Y^^Dw^ {R''{W^,X)a,) - R''{Wo,,X)Dw^aj 

a 

-R^'iVlW^, X)a, - R^iW^, V'wX)a,} = {by 



-[/ ge{r W^, W^) + ge{W^, </> W^)]R''{T, X)<j,+ 
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+ [ge{W^,W^) + / ge{W^,cl>TW^)]R''{N,X)a,- 
-[/ ge{T W^, X) + ge{W^, 0X)]i?^(H^^, T)a,+ 
+ [ge{Wo.,X) + f ge{Wo.,(t>TX)]R''{W^,N)a,] . 
Therefore (by the purity axiom (jlOTj) ) 

a a 

+i{n - l)R^{T,X)aj + {n - l)R^{N,X)aj- 
-f i?^(7ro,irX,T)-i?^(7ro,i0X,T) + 
+/2^(7ro,i X,N) + f i?^(7ro,i r X, iV). 

We obtain 

(66) 5^{(D,^„i?^)(iy^,X) + (D^^i?^)(lV„,X)} = -{S^'r')j,u,+ 

a 

+{R^{N, {2n-3)X - f(j)TX) + R^{T,(j)X + fr X)}aj 
(cf. section 5 for the definition of the operator 5f Moreover 
{{D^R''){lX) + (D^i?^)(e,X)}a, = 

= ^{Dn {R''{N,X)a,)+DT {R''{T,X)a,) - 

-R^{N,X)DN(Tj - R^{T,X)DTaj- 
-R^{y%N,X)aj - i?^(Vf.T,X)aj- 
-R^{N, V%X)aj - R^{T, V?.X)aj}. 
Substitution from ^ and gives 

-R^{V%N, X) - R^iV^^T, X) - R^{N, V%X) - R^{T, V?,X) = 
= R^iV^r, X) - R^{T, VrX) - R^{N, VnX) + 

+ j /2^(r,0X) + / (0X)(r) R^iT,N) +(^^ + 2r^ /?^(X,X). 

We conclude that 

(67) {iD^R^)ilX) + (Dji?^)(e,X)}a, = 

= ^{(Djv ^NR'')X + {Dt itR'^)X + i?^(V^r, X) + 

+j R^'iT^cl^X) + / (0X)(r) R^{T, N)+(^ + 2r^ R^{N, X) 

(the covariant derivatives in the right hand member of ()67p are defined 
with respect to D and V). Finally (by (jM|) - (jU7|) ) 

{5^R^)^a, = -^^{-(5rR')xu,+ 
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+ [R^{N, (2n - 3)X - /0rX) + i?^(T, 0X + / r X)](t,} 



n + 



- {{Dm inR'')X + {Dt itR'')X + i?^(V^r, X) + 

+ R^{T, ^0X + /(0X)(r)iV)+ (^l + 2r^ i?''(iV,X)| a,-. 

Assume that D is a Yang-Mills field on {Vt^g)^ i.e. S^R^ = in f2. 
Then, for ip ^ (as r and V^r stay finite near dQ, cf. jTTj, p. 164) 

{S^''R^')xUj = 2{n - 2)R^{N,X)aj 

where Dh = is the boundary values of D. Therefore, if itR^'' = 
then (cf. (I84p in section 5) is a pseudo Yang-Mills field on dVt if 
and only if i^R^ = on H{dQ). Theorem Q is proved. With the same 
techniques we may show that 

Corollary 1. Let D G C{F,h) be a Yang- Mills field on {^,g) such that 
InR^ = 0. Then the boundary values of D satisfy KqR^^ = 0. 

Corollary n shows that the axiom (jl7|) (with 5* = 0) in the description 
of the Tanaka connection, as well as (jlip in Theorem |2l are rather 
natural occurrences. The proof is 

= (5^i?^)rfT, = 



n + 



- J]{(D^,i?^)(iy^,T) + iDw^R^)iW^,T)}a, 

a 

'^^'^ -{DM{R''{N,T)aj) - R''{N,T)DMa,- 



-i?^(V^X, T) - i?^(X, V%T)a,} 
or (by (gH), (gHl), (EH) and (jMl)) 

= ipiid'^'R^ uj + 2{n - 1)R^{T, N)aj}+ 

+ 1 V {/ [R^'iT, V^r) + i?^(X, V^r)] + trace 71hR''{- , r ■)}aj- 
+ {n + l)f{2{DN inR'^)T + i?^(X, 0V^r) - /2^(r, V^r)}a,- 
A,i?^a, - (n + l)f |x(r) + ^ - ^} ^""(^^ . 

When (y9 — i> one observes 1 and /^/v^^ ^ 1 hence 

(Agi?^'') Uj- = -2(n + l)i?^(T, X)aj . 

Q.e.d. 
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5. Yang-Mills fields and the Fefferman metric 

We wish to relate VyAi to the Yang-Mills functional on C{M). 
Given a contact form ^ on M such that the Levi form Lq is positive 
definite, let Fg be the corresponding Fefferman metric (a Lorentz met- 
ric on C(M)). We recall (cf. [HI) that 

(68) Fe = 7r*Ge + 2{n*e) a, 



-a'^l^da — 



(69) ^ = z—l^{dl + 7r*{zuj2 - -g'^^dg^-^ - jj-^ 6)}. 



Here a;^ are the connection 1-forms of the Tanaka- Webster connection 
of (M, 6*), i.e. VT/j = u'^ ® Ta, and g^-^ = Le{Ta,T^). Moreover 
p = g^l^R^-^ is the pseudohermitian scalar curvature (cf. e.g. [S], p. 
229). The (0, 2)-tensor field Gg is got by extending the Levi form 
Gq to the whole of T{M). Precisely, one requests that Gg = Gg on 
H{M)®H{M), while Ge{X,T) = 0, for any X e T(M) (obviously Gg 
is degenerate). Note that when M is compact G{M) is compact, as 
well. It is noteworthy that a (given by (jSHl)) is a connection 1-form in 
5^ C{M) M. Let be the horizontal hft (with respect to a) of 
the characteristic direction of dO and 5* the tangent to the 5'^-action. 
Then T^^ — S* is timelike, hence (C(M), Fg) is time oriented by T'^ — S, 
i.e. {C{M),Fg) is a space-time (see p. 17). However, as M is 
compact {G{M),Fg) is not chronological (cf. Proposition 2.6 in 0, p. 
23). 

Let S e X{G{M)) be the tangent to the S^-action (locally 5* = 
((n + 2)/2)(9/97). Then (by ^) Fg{S,S) = 0. Next (by Lemma 
121) V^^^^^ S = 0, i.e. the integral curves of S are (null) geodesies of 
(C(M), Fg). Also = 0, hence (cf. (28) in [2^1, P- 185) S generates 
a shear-free congruence of null geodesies. The congruence is symmetric 
if there is a vector field X G A'(C(M)) such that 

Cx{7^*e) = 1 7f*e, £x(7r*r) = vr*^^ + r 7T*e, 

where t is a real function and w'j^ , £° are complex functions on G{M). 
We say that X is a symmetry of the congruence. We may look for CxS 
in the form 

CxS = a'^Tl + a^'Tl + hT^ + fS. 
As X is a symmetry a" = 0, 6 = and / = —2{CxO')S. Therefore 
(70) CxS = fS. 
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Also one may easily check (by using the local frame {TI,t1,T\ S} of 
T{C{M)) (g) C) that 

(71) Cs{7i*9)=0, Cs{7r*0n = 0. 

Using (f70|) - (ffT|l and LyLzOJ = CzCyOJ + li^^z\^ (for any F, Z G 
X{C{M)), u G n^{C{M))) we obtain 

(72) S{t) = 0, S{w'^) = 0, s{r) = 0. 
For instance 

S{t)n*9 = C[s,x]n*9 = -f Csn*9 - in*9)iS) df = 0. 

Our considerations draw inspiration from the calculations in [21] (which 
are both purely local and confined to the 3-dimensional case {n = 1)). 
For this reason some of the results (e.g. Propositions ^ and ^ are 
attributed to [21] (the proofs are however new), (f?^ implies that 
t, w'^, are vertical lifts of functions on M. A vector field of the form 
pS, for some function p 7^ 0, is a trivial symmetry of the congruence. 

Proposition 2. (P. Nurowski, |24,) 

Each nontrivial symmetry of the shear-free congruence [of null geodesies 
on C{M)) projects on a unique symmetry of the CR structure on M. 

Indeed, if X is a symmetry of S then X — 2a{X)S G Ker((T), hence 
there is a unique vector field X G X{M) such that 

X^ = X - 2a{X) S. 

Then 

7r*{t9) = Cx{7i*9) = C^,{-K*9) + 2C„(^x)s{-^*9) = £^,{7^*9). 

Consequently, for any Z G X{M) 

t9{Z) = {7c*{t9)) = {Cji^{n*9))Z'^ = X{9{Z)) - {n*9)[X^ , Z^ 

hence, as [X, Z]^ is the Ker(cr)-component of [X^ , Z^ (with respect to 
the decomposition T{C{M)) = Ker(cr) © MS*), we obtain Cj^9 = t9^ It 
may be shown in a similar manner that Cx9°' = Wp9^ + i°'9, i.e. X is 
a symmetry of the CR structure. Q.e.d. 

Let E ^ M he a complex vector bundle and E = ti*E C{M) 
the pullback of E via tt. The natural lift u : tt~^{U) —>■ E of a section 
u : U —>■ E is given by u{z) = (x, M(7r(z))), z G n^^{U). If E carries 
a Hermitian metric h then so does E. Indeed we may set h{ei,ej) = 
hfj o 71, where /i- = h{ei, ej) and {ei, • • • , em} is a (local) frame in E 
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on U. There is a natural inner product ( , ) on Q'^{Ad{E)) induced by 
the inner product on scalar 2-forms 

F;{a, 0) dYo\{Fe) = a A 

a,p e r°°{A^T*{C{M))), and by the Killing-Cartan form of u(m), 
m — rankc^", respectively. Here * is the Hodge operator associated 
with the Fefferman metric Fe. Precisely, if 5", T e 9P{Ad{E)) then 

{a®S,^®T)^F;{a,(3)[S}]-[T;], 

where Sij = Sjii, Tij = Tjii with respect to a (local) orthonormal 
{h{ei, ej) = Sij) frame {ej} in E, and A-B — — trace(Ai?), A,Be u(m). 
The Yang- Mills functional is given by 

yM{B) = \ ! (i?", R^) (ivol(Fe), © e C(E, h). 

^ JC{M) 

Any D e C{E, h) induces a connection D — 77*0 e C{E, h) which 
is described (in local coordinates) as follows. Let {U^ x^) be a local 
coordinate system on M . Then {-k^^{U), x"^ :— x^ o tt, 7) are local 
coordinates on C(M). We set by definition 

Da/dx^ej = {r\j o 7r)ej , Da/a^ej = 0, 

where DQ/g,-t.Aej = T\-ei. Our conventions as to the range of indices are 
A,B,C,---E {!,••• , 2n-|- 1} and i, j, /c, • • • e {1, • • • , m}. We consider 
the linear map 

TT* : r°°([/, K^T*{M) ®E)^ T'^{'K-\U),h^T*{C{M)) ® E) 
given by 

Ti*{J ® Cj) = (ttV) (g) Bj , UJ^ G l^^(f/), 

(pullback and natural lifting). As {ij} is a local frame in ^ ^ C{M) 
it suffices to specify D on natural lifts of sections in E ^ M. Then D 
admits the following coordinate-free description 

Du = 7r*{Du), u e ^f{E). 

Clearly, if D/i = then Dh — 0. Let us consider the functional VyM. : 
C{E, h) [0, +00) given by 

vyM{D) = \! \\7:HR''\?e^{deY. 

Here tih ■ VL^{M{E)) Vl?{k(l{E))/J^ is the projection described 
in section 2. Of course, when an admissible coframe {^"} is fixed 
Q'(Ad(£'))/J'g may be identified with the subalgebra Q^(Ad(£^)) = 
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{to E fi (Ad(i?)) : Itoj = 0}. Integration along the fibre in yM{'K*D), 
D G C{E, h), leads to Q in Theorem |21 Indeed, let us set 



Then 



hence 

(73) R^ij = 7r*{R^ej). 

Given n = ig) ej E ^'^{E), = Vl^j^dx"^ A dx^ , we set 

(74) {tx*VL, 7r*fi) = F;{tx*9.^, 'rr*Q^){h.^ o tt). 

Of course Tr*^-' = (^^'^^ o 7c)dx'^ A dx^ and the main technical difficulty 
in calculating ([7^) is the need for F^-^ = Fg*((ia;^, da;-^), where [F"^^] = 
[Fab]~^ and Fab ■= Fe{d/dx^,d/dx^). Let 



-Fab 



F2n+2,B F2n+2,2n+2 

be the components of the Fefferman metric with respect to (£"^,7). 
Let us set d/dx^ = X^Tb, Xa e C°°([/). Here one either adopts 
the convention A, B,C, ■ ■ ■ E {0, 1, ■ ■ ■ , n, 1, ■ ■ ■ ,n} (with Tq = T) or 
relabels the vector fields {T,Ta,Ta : I < a < n}. Then (by (|UH|) 

= 9.-piK>i + AbA3) + AVb + X%aA 
where a a = a{d/dx^). A calculation based on (jU^ shows that 

n + 2^ 4(n+l) 

where F^^ are (among) the coefficients of the Tanaka- Webster connec- 
tion of [M,B) (i.e. VrsT„ = rJ„T^). Moreover (by 



F,,„,. = 21(..9)0.](Jj,A)._i_,o, 
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Next, using F^^Fbc = 6^ (with a, 6, c, ■ ■ ■ G {1, ■ ■ ■ , 2n + 2}) we find 



(75) 



Let us set 



F^^'Xl = 



n + 2 



A,2n+2 _ rA 
— 0^ 



A' 



C 



p2n+2,2n+2 



n + 2 



p2n+2,ByO^ = n + 2. 



PAB\ei = {R''ej){TA,TB 



so that Rabj = ^a'^bPcd^j- In the sequel, for the sake of simphcity, 
we do not distinguish notationally between / G C°°(M) and its vertical 
lift / o TT. Then 

{R^,R^) = h^iR^ej^R'^ek) = 
= h^hr-sF^^R^B^dx"^ A dx^, R'cDkdx^ Adx^) = 
= lhH,,,R^^B^Rl^-^iF^^F^^ - F^^F^% 



where R 



ABj 



R^Bj- We obtain 



(76) 



h^^hrs^A^B^C^DPEp'' jPGH\{F^^ F 



AC T?BD 



pAD pBC^ 



where \^ = and P-jb^j = Pab^j- Note that A° is real valued while 
A° = A^+". To calculate A^AgAgAg (F^^F^^ - F^^F^^) we need 
the identities 



(77) 



f75 



F^^A^A^ = 0. 



The proof of (f77|) - (f7S|) follows from (f7^ . Indeed (f73|) may be written 



n + 2 



F^^A^ = 0, 



F'''^''''9^-^{X%X'c + ^c^b) + + 2)ac- 



n + 2 
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F2"+2.«A°5 = n + 2. 
If /X := A"^ then (by the first of the previous four identities) 

yielding 

^o-;^^_ +F 

I, A T?AB^ \a 

Mp+n - ^ 9af3^B- 

The second and third of the identities lead to (f77|) and (f7H|) . re- 
spectively. A calculation based on (f77 |) - (f7S|) shows that (fTUj) may be 

written 



(Qr\\ — pa/3kjp I paf3kj p _ , paf3kj p _ . pa(3kjp 

yov) — r ^al3kj "T ^al3kj ^ ^aflkj ^ ^al3kj 

where P^^^^. = hj^PABl and P^^'^^ = h'-^P^^J. Also P"^/' 



g'^^g^'^Pjj^J , etc. As R^ej = {Pab'jO^ A 6^) ® e, it follows that 
{tihR'', hhR'') = h^~^{{7iHR'')e„ {nHR'')ek) = 



y^K^GiiP^p'- ^ r A + 2P„/ . r A + p^/^. r a 



3 J 

Pa/^ a r + 2Pa/, 0^ a + p^/^ A r ) = 

= \ Pj'P-x-,-kji9'''9^ - ^7"^/^) + 
+2^"V^P„/^P,^^^.+ 

_ pXjlkj p_ _ _.!yp\iikjp _|_ pX^ikj p _ 

~ ^ -^X-pkj ' Xiikj "T Xiikj 

hence (by (f7S)) and (IHU))) 

(P^,P^) = (||7rHP^l|o7r)2. 
Finally we may integrate over C(M) and use the identity 

/ {fon)dYo\{Fe) = 2n[ f 9 A {dOr , feC^{M). 

JC{M) JM 



31 



The identity^ © in Theorem 1 is proved. Assume now that D = 7i*D 
is a Yang-Mills field on C(M). Let = D + tLp, Lp e n\Ad{E)), be 
a variation of D. Then 

(81) 7r*L)* = i) + tvrV. 

A word on the conventions in (jHTjl . As seen earlier in this section, there 
is a natural map vr* : Q^{Ad{E)) Q^{'K*Ad{E)). Yet Ad(7r*E) 
7r*Ad(-E') (a vector bundle isomorphism) hence 7r*(y9 is an Ad('7r*i?)- 
valued 1-form on C(M). Then (by Q) 

= j^{yM{D + t7r*^)}t=o = 

i.e. D is a. pseudo Yang-Mills field on M. The converse requires the 
first variation formula for the functional VyAi (as well as the fact 
that the Yang- Mills equations on C{M) project on M via vr to give the 
Euler-Lagrange equations of the variational principle 6 VyAi = 0, cf. 
section 4). To establish (jS)) we need the following 

Lemma 1. Let M be a nondegenerate CR manifold, 9 a contact form 
on M, and dvo\{gg) the canonical volume form associated to the Web- 
ster metric gg. Then 9 A {d9)^ = ±Cn dYo\{gg) where Cn = (— l)*2"'n!, 
provided that the Levi form Lg has s negative eigenvalues. 

This corrects the constant c„ from [30J, p. 546. If the Levi form 
Lg has r positive and s negative eigenvalues (r + s = n) then gg is 
a semi-Riemannian metric of signature (2r + 1,2s). Let (9 be a fixed 
orientation of M. To prove Lemma Q let Gab be the components 
of the Webster metric with respect to a chart ([/, x^) G C, so that 
dvo\{gg) = a/ I det {GAB)\dx^ A ■ ■ ■ A Let {T^} be a local frame 

of Ti,o(M) and fi E GL{2n + 1,C) such that T4 = fi^d/dx^. Then 
dvo\{gg) = v^l det(GAB)| det(/i)^°^-"T-", where ^oi-"T-" is short for 
9A9^A- ■ -A^^A^^A- ■ -A^", hen ce det(/i) = (-1)"' det(/i) (as dvol{gg) is 
a real form). It follows that a/| det(G'A_B)| = (— 1)"*! det(/i)|~^ det((7Q,^). 
A calculation shows that 

9 A {d9)'' = 2V\\ det{g^-^) ^oi-'^T-n 

(cf. also [19]) and then 9 A (rf^)" = ±Cndvo\{gg). The sign is +1 if 
O and the orientation of H[M) (induced by its complex structure J) 
agree. Lemma Q is proved. Let us prove (jHI). As 

R^ej = {7THR^)ej - 2Po/j{9 A 9^) ® d 

^The symbol tt in the right hand side denotes the irrational number tt e M. 
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it follows that 

Yet itR^ = ® [Pob'j] e VL\kd{E)) hence \\R^f = WnnR^f + 
4||i7-i?£)|p. At this point we may integrate over M with respect to 
6 A {d6)"' and use Lemma ^ To proof of the last statement in i) of 
Theorem 121 is delegated to the next section. 

6. The first variation formula 

Let E M he a. vector bundle and D a connection in E. We shall 
need the differential operator : Q'^{E) —>■ Q''^^[E) given by 

k+l 
i=l 

+ Yl hiy^'vi[Xi,X,],X,,--- ,X„--- ,X„--- ,Xk+i) 

l<i<j<k+l 

for any ip G and any Xi G T(M), 1 < i < k. Here a hat 

indicates, as usual, the suppression of a term. Let D G C{E, h) and 
let us denote by the same symbol the connection induced by D in 
Ad(£') M. The operator 5^ in ()18p is the formal adjoint of d^ : 
VL^{Ad{E)) — s> ^7^(Ad(-E')) with respect to the inner product 

(82) (<^,V')= / (<^,^)^A(d^r, ^,ijen\E). 

J M 

Let e il^(Ad(E)). A standard calculation shows that R^+^v = R^ + 
td^'^+e [ipA^] (where bAV]x,y = [^x.^-Vpy .i^xl X,Y e T{M), 
(fi,^ e n^{Ad{E))) hence 

||vr^ R^+'^f = llvTH R''f + 2t {tth R"" , vr^ rf^y^) + ©(t^) 

and 

= / {tih i?^ , d'^ip) 9 A (rf^)" = / {5^tihR'^ ,^)0A {dOy. 

J M Jm 

Then f^{vyM{D + t^)}t=o = yields 

(83) 6^7ChR^ = 0. 

Let D G C(E,/i) such that irR^ = 0. Then (by ^ and dHl) is 
a pseudo Yang-Mills field if and only if D is a Yang-Mills field, and 
the last statement in part i) of Theorem El follows from Theorem 2.3 in 
ISOI, p. 55L 
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Let us consider the operator 5^ : Q'^^^{E) — > Q'^{E) given by 

2n 

... ,Xk) = - Y,{DE.^){Ea,X,, . . . 

a=l 

for any G and G T(M), 1 < i < fc, where {^a : 1 < a < 

2n} is a local Gg-orthonormal frame of H{M). Clearly, if G 
then 6^ip = 5^ip and ix^hV = 0- Consequently, if ixR^ = then the 
equations (|HHj) may also be written 

(84) 5^R° = 0. 

Now we attack the problem whether the pullback £) = 7r*D of a pseudo 
Yang-Mills field D on M is a Yang- Mills field on C{M). As argued in 
the previous section, this doesn't follow directly from Q. In turn, the 
Yang-Mills equations on C{M) are related to (j83|) due to 

(85) {6^R^){X^)u = {{6^R''){X)u + i?^(r, JX)u)\ 

(86) {6^R^){T^)u={{5^R^){T)uy - 



n + 2' 2(n+l) 

(87) (5^/?^) (5)m = 2 {{XeR'')u) " , 

for any X G if (M) and m G fi°(E). Here is the horizontal lift of 
X with respect to the connection 1-form a in S*^ — > C(M) — >■ M. Let 
D G C(i?, /;.) be a pseudo Yang-Mills field with itR^ = 0. Then (by 

(IH3)-(IHZ|)) 5^R^ = if and only if (UHll-dlll) hold. This completes the 
proof of Theorem |21 

It remains that we prove ()85|) - (jH7j) . The formal adjoint 6^ of (P : 
Q\Ad{7r*E)) n\Ad{7i*E)) is given by 

2n+2 

2n+2 

= - E {^xM^v y> - v^(vSf Y)v- 

-^(X„ v5f V)^; - v^(x„ y)Dx,t;^ 

for any ^ e l^^(Ad(7r*E)), F G T(C(M)) and w G fi°(7r*E), where 
{Xj : 1 < j < 2r2 + 2} is a local orthonormal (i.e. Fg{Xj, Xk) = €j6jk, 
ei = ■ ■ ■ = e2n+i = -e2n+2 = 1) frame of T(C(M)) and V^(*^) is 
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the Levi-Civita connection of {C{M),Fe). As C{M) M 

is a principal bundle, the projection vr is a submersion. However, if 
S = ((n + 2)/2)9/97 then Fg{S, S) = 0, i.e. 5* is null, so that vr is not a 
semi-Riemannian submersion (in the sense of [221; P- 212, as the fibers 
of TT are degenerate submanifolds) . Nevertheless, we may relate V*^*-^^-* 
to the Tanaka- Webster connection V of (M, 6), very much in the spirit 
of [231 ■ Precisely, we may state 

Lemma 2. For any X,Y E H(M) 

vJ*'Vt = {VxYy - ide)iX,Y)T^ - (A(X,F) + ida){X\Y^))S, 

Vjf ^T^ = (rX + (PXy, 
V^J^^X^ = (VtX + <pxy + 2{da){X\T^)S, 

^T^S = v?(^'^)xT = (jxy, 

where : H{M) H{M) is given by Gei(l)X,Y) = {da){X\Y^), and 
V e H{M) is given by Ge{V,Y) = 2{da){T\Y^). 

Proof of Lemma [B Let us recall that 

2Fe{vf^'^Y, Z) = X{Fg{Y, Z)) + F (F,(X, Z)) - Z{Fg{X, Y)) + 

(88) +Fe{[X, Y],Z) + Fg{[Z, X], f) + F,(X, [Z, Y]), 

for any X,Y,Z E T{C{M)). In particular for X = X^ F = Z = 
Z\ for any X, F, Z G H{M) 

Fe{Vl^^^Y\Z^) = ge{V^Y,Zl 

where V*^ is the Levi-Civita connection of {M^gg). Here one used the 
fact that [X, Y]^ is the horizontal component of [X^^, Y^], with respect 
to a (cf. e.g. ^H]; Vol. I, p. 65). The Levi-Civita connection V*^ and 
the Tanaka- Webster connection V of (M, 9) are related by (cf. (1) in 
P, P- 238) 

(89) V^^ = V -{d6 + A)®T + T®6 + 2eQJ, 

where A{X^Y) = gg{X,TY). Recall that A is symmetric and r trace- 
less (cf. [34j). As H{M) is V-parallel vr^Vf F = VxY, where tih : 
T{M) H{M) is the projection associated with the direct sum de- 
composition T{M) = H{M) © MT. Therefore, by taking into account 
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the decomposition T(C(M)) = Ker(a)©Ker(rf7r) = H{My®RT^®RS 

(90) Vjf = {VxYY + ATT + fiS, 

for some A, /i G C°°(C(M)), depending on X, Y. We may determine A, 
/i by taking the inner product with S, T\ respectively. To this end let 
us first observe that 

F,(v5rVT,^) = -(rf^)(x,y). 

Here we used again (jHH|) together with the fact that [XT,^] = (cf. 
e.g. [in], Vol. I, p. 79). Similarly 

2F,(v5f v^T^) = a([x^rT])- 

-TigeiX, Y)) + gg{[T, X],Y) + ge{X, [T, Y]) 

and 

2ge{V'^Y, T) = -T{ge{X, Y)) + d{[X, Y]) + 
+ge{[T,X],Y)+gg{X,[T,Y]) 

hence 

2F,(V5('^V^TT) = 2e{V^Y)-9{[X,Y]) + a{[X\Y'^]) 
or (by dHHI)) 

Fe(v5f V^TT) = -A{X,Y) - {da){X\Y^). 

Summing up, ()9U|) leads to the first identity in Lemma |H The proof 
of the remaining identities in Lemma |2l may be obtained in a similar 
manner. Let us go back to the proof of (jS3|) -(|S7 |) . Let {Ea : I < a < 
2n} be a local orthonormal frame of the Levi distribution H{M). Then 
{El, ± 5} is a local orthonormal frame of T(C(M)) with respect to 
the Feferman metric Fq. We make use of is{Du) = and is{R^u) = 0, 
for any u G fl^{E). Then (by Lemma El) 

2n 

{5^R^){X^)u = -Y.iDj,iR^m,X^)- 

a=l 

-{Dt,+sR^){T^ + S,X^) + iDTi-sR^)iT^ - S,X^) = 

2n 

= {(5,^i?^)(X)n + 2i?^(T, JX)uy-Y,{id9){E,,X) R''{Ea,T)uy 

a=l 

and 

2n 

Y,{d9){Ea,X)Ea = -JX 

a=l 



2n 
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hence (|HH|) is proved. Similarly 

(91) {6^R^){T^)u={{6l^R''){T)ur+J2{R''iEa,rEa + <PEa)uy. 

a=l 

Now, on one hand 

2n 
a=X 

= A'^^R^iT^, T.,)u + A^R^{T-p, T-)u = 

(as Aai3 = Apol) with the corresponding simplification of (jHII). On the 
other hand 

2n 

R'^iEa, <pEa)u = 0"^i?^(r„, T^)u + r^R^'iT^, T-)u+ 

a=l 

+0^^i?^(T^, T^)u + (p^R^'iT-j^, T-)u, 

where 0Tq, = (j)ofTp + (pa^T-j^, 0°"^ = g°'~(j)j^, etc. Let us take the 
exterior derivative of so that to obtain 

(n + 2)da = duj^^ - dg^'^ A dg^j - ^^^^ d{pe)). 

Using the identities dg^ = ga^oj^ +uja^ g^-^ (a consequence oiVge = 0) 
and dg""^ = —g'^^g"^dg-p^ (a consequence of g^^g-p^ = S") it follows that 

A dg^-^ = u-p A o;"^ + A o;^^ = 0. 

Also (cf. e.g. ISl) 

du^'^ = Rx-p A r + {w^^e^ - w:^e'^) A 

where Rxp is the pseudohermitian Ricci curvature and VT";^ (respec- 
tively W^-p) art 
It follows that 

(n + 2)G,(0X, F) = z{R^-^e'^ A 0^)(X, F) - ^^-^ (rf^)(X, F), 
for any X, F G H{M). Therefore 

2(n + 2) 2(n + 1) 

We may conclude that 

2n 



tively H^ap) are certain contractions of the covariant derivatives of A^. 
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and (fnTjl leads to (jHEI)- Finally (again by Lemma Ej) 

2n 
a=l 

= -2t{g'^'^R^{T^,T-^)uy=2{{A0R'')uy 
and (P?7jl is proved. 

7. The second variation formula 

Let {D^ : \t\ < e} be a smooth family of connections in E, where 
D = is a pseudo Yang-Mills field. We write = D -\- A^, where 
A* G Q^{Ad{E)) for each |t| < e. The curvature i?* of is then given 
by 

R' = R^ + d^A' + ^[A'A a'] 

(cf. e.g. (6.2) in gj, p. 212). Next, let us set (f = {dA*/dt}t=o and 
^ = {d^A'/dt^} t=o and observe that 

WtihRY = ||7r^i?^f + 2t(7rHi?^,rf^(^) + 

+t'{2{nHR'', d^'ij) + (vr^i?^, A ^]) + UTr^rf^^f } + 0{t'). 
Integrating by parts and using 6^ithR^ = we obtain 

(92) ^{VyM{D')h=o = 

= [ {llvr^^rf^^f + (7r^i?^,[v^A<^])}0A((i^)^. 
Jm 

We shall need the (zero order) operator TZ^ : n^{Ad{E)) fi^(Ad(E)) 
given by 

2n+l 
A=l 

for any X G T{M), ip G i7^(Ad(£')), where {Ea\ is a local orthonormal 
frame of {T{M),ge). Then (cf. (6.7) in [¥, p. 213) 

(93) ([v9A(/.],/^^) = (^,7^^(y.)). 

Let us set 

2n 
a=l 

where {-Ea} is a local orthonormal frame of {H{M), Gg), so that 7?-^ = 
T^f + 7^^. Taking into account the identities 



[if A ip]ej = A if 
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where ipej = (g) Cj, G Q^{U), we may conduct the calculations 
([^ A , ^ A irR^) = h^^{[ip A ^]ej , {6 A iTR^)er) = 

= W^h,, g;{^l A y.) , PoA% OA 6^) = 
= 2hn,,g^^{vl{T)v'^{TA) - ipl{TA)v';{T)}P,-s\ , 

and 

Assume now that {ej} is orthonormal {hg = 6ij), so that ipj = —ipl (as 
(p is Ad(i?)-valued). Then 

hence 

([¥.Ay.],^A^T^^'') = 2(</^,7^^(</^)). 
Finally, let us take into account (j93|) and the identity 

= 'n^R^ ^20 AitR^ . 

We obtain 

l\^A^\, ^hR'') = , 7^^M - 4<(v.)), 
so that (jU^ becomes 

(94) ^{VyM{D')h=o = 

= [ {5''TiHd''ip + n''{ip)-An^{ip),ip)e A^def. 

JM 

We now restrict our variations to those whose first order part (p satisfies 
iT^ = and 5^^p = 0. Also, let us introduce the first order differential 
operator c/f : n\Ad{E)) fif^(Ad(E)) given by dj^ = 71ho d^. Then 
S^nnd^^ = 6^d^^ = and 7^^(</?) = 0, so that (jHl yields ^ in 
Theorem El Here Af* = (if^f + S^d^ is the generalized sublaplacian. 
The Riemannian counterpart = + TZ^ (cf. m, p. 213, where 
A^ is the generalized Hodge-de Rham laplacian) of Sj^ = A^ + TZj^ 
in Theorem El is an elliptic operator, hence its restriction to Ker((5^) C 
r2^(Ad(£^)) has a discrete spectrum tending to +oo and the eigenspace 
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corresponding to each eigenvalue of S is finite dimensional. This 
allows one to employ concepts from Morse theory (cf. Definition 6.10 
in p. 213) in order to discuss stability and weak stability of Yang- 
Mills fields (cf. 0, p. 214). The CR analog of this phenomenon is that 
Af : l]0'i(Ad(E)) ^ fi°'i(Ad(E)) is subelliptic of order 1/2, where 
n°'5(Ad(£')) = r°°(A°'5(M) ® Ad(E)). A complex valued q-ioim t] on 
M is of type (0,g), or a {O,q)-for'm, if Ti^^M) \ t] = and iTf] = 0. 
We denote by A°''?(M) M the relevant bundle and set (]°'«(M) = 
r°°{A^''^{M)). Let M be a strictly pseudoconvex CR manifold (not 
necessarily compact). It is the proper place to recall that a formally 
self adjoint second order differential operator L : C°°{M) — > C°°{M) 
is subelliptic (of order < e < 1) at a point x G M if there is a 
neighborhood U of x such that 

\\u\\l<C {{Lu,u) + \\u\\^) 

for any u G C^{U), where \\u\\e is the Sobolev norm u of order e, 
11^11 = (m, uY^"^, and 

(95) (m, v) = uv dvo\{ge) 

Jm 

is the ordinary inner product. L is subelliptic (of order e) if it is 
subelliptic at any x G M. A typical example is the suhlaplacian 

AbU = -div(V^M), u G C°°(M), 

where V^m = tt/^Vm, Vu is the gradient of u with respect to the 
Webster metric gg, and the divergence is defined with respect to the 
volume form uj = 9 A {dOY, i.e. 

CxoJ = div(X) u, 

for any X G X{M), where Cx is the Lie derivative. It is easily seen that 

any local orthonormal frame {Ea} of H{M) 
hence, by a well known lemma of E.V. Radkevic, [27J, it follows that 
11^11^/2 — ^ {{^bU,u) + II^P), for any u G C^{U), i.e. is subelliptic 
of order 1/2. Here E* is the formal adjoint of Ea with respect to the 
inner product ()95|). In the next section we relate A^ to the Kohn- Rossi 
operator Ob and explain the subellipticity of on (0, l)-forms. 

8. Subellipticity of Af 
Let {Tq,} be a local frame of Ti o(M). We start by computing 

a=l 
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for any ip G ^\j{Kd{E)). Let us take into account the identities 

= g''~'{DTMv){T-,,T^)) - ri-^{d^^)m,T,) - ri,{d^^){T-^,T,)}, 

where a;] are the connection 1-forms of D with respect to {cj}. Also, 
let us set 

v^v, = ( Vt^ w) (Ta, t^) = Tj^ivM - r^, VpV'^ - r^^Vp , 

for any V = V'a^" e Q°'^(M), where VaV^ = {Vt^'iIj)T-0. We obtain 

+uj^{T-p)A^,{T^,T,) - LO^(T^A^(T^,T^ + 
+u;l{T,)B^{T^,Tj^)-ujliT^)B^iT^,T,) + 
+u;liT^)[{VT,^';)T^-{^T^f'])Tx] + 

where 

and ip'jj^ — </7j(Ta), so that Va^p'P^x (respectively VaV/3</?^.^) is the 
second order covariant derivative of the (1, 0)-form tti^qV'} (respectively 
of the (0, l)-form 7ro,i<^}) (7ri,o : Q\M) Q^'%M) and ttq,! : Q\M) 
f2°'^(M) are the natural projections). The previous identity is rather 
involved, yet one is interested in the second order terms alone. Together 
with the similar expression for g"/^ {Dx-^dl^ (p){Ta,Tx)ej this leads to 

(96) (S^d^^) (r,)e, = y"^( V« Va(^;.^ + V^VaV'},- 

— VaV^</7*;^ — VpVa^]x) + lower order terms. 
By lower order terms (l.o.t.) we mean a linear combination of Wa^]b 
and if]j^ (with C°°([/)-coefficients). Next, we need to compute 

2n 
a=l 
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We have 

-uj^{T,)A^,{T^,T-^)+ujI{T,)B^{T^,T-^)- 

Together with the similar expression for Dx^^g""^ {DTjip)Ta) this yields 

(97) (rff 5f ¥.)(T,)e, = - g'^'^ {V ,V + VaV^^JJc. + l.o.t. 
We shall need the commutation formulae 

where the convention for the curvature components (of the Tanaka- 
Webster connection) is R(Ta,Tb)Tc = Rc'^abTd- Then (by ^-^) 

(A^^)(T,)e, = g'^'^iV.Vxcpy^ - VaV„^;.^+ 

+V^Va<^}„ - VaV^^}, - VaV^if], - V^V„<^},)e, + /.o.t. = 

= {-cp]iTj,)g'^~^R/^^ + 2v^Vo¥.}, - ^]iT,)g'^~^R^''-^,- 

-2(7"%V„¥^;., + 2v^nVo¥^}A - v)iTp)g"'^R/^Je, + l.o.t. 

At this point we need the Kohn- Rossi operator on Q^'^{M). We 
start by extending db (originally defined on functions, cf. section 3) 
to (0, l)-forms. Precisely, if G fi°'^(M) then dfyi] is the unique (0,2)- 
form on M coinciding with drj on To^i(M) To^i(M). Next, let us set 
Db = dbdb + dbdb, where db is the formal adjoint of db with respect 
to the inner product (a,/3) = Jj^j gQ{a, P) to. A straightforward 
calculation leads to 

(98) DbV = (-(7"^ V„V^^ - 2tVoVj + rfpR^^) 
for any rj = ri^9~ E Q^'^{U). Consequently 

□6(vri,o^}) = {nbiiTi^oVjyy = 

= (-^7"%V„^}, + 2zVo^}, + ipiiT,)R\)e' 

hence 

iA^ip)iTx)e^ (g) e, = 2n,(7ri,oV^})e^ + {2(n - l)V^\/o^]x- 
(T^) - ^} (T,) [2R\ + ^7"^(i?. V + i^A"^ J] } 9>^®e,+ l.o.t. 



42 

To compute the curvature terms we need the identities 

^a^'xji = '^^igaX^Ji ~ 9apAj) , 
^a^X-p — ^X'fSaJl ' ^a]3XjI — ~'^]3aXji ' 

following essentially by the techniques developed in [31]. Indeed we 
have _ 

hence 

(99) (A^</.)(rA)0^ ® e, = 2n,(7ri,o<^}) ® e,+ 

+2{n - l)v^ [(Vt</^})7^a + Al ipiiTj,)]e^ ® e, + Z.o.t. 

Recall that tTq, = A^T^. Then fl99|) together with the similar identity 

(Af^)(Tx)e, = 2{(a7ro,i^;.)A-(^-l)v^(Vo^;A + 4^^p)}^«+ 
leads to 

(Afv?) ® = 2{nb(7ro,i<^}) +n6(7ri,o<^}) + 
+ (n - 1)(Vt<^j- + <^j- o r) o J} ® + /.oi. 
and therefore to (jlHj) when 99 is a (0, l)-form. Finally, let us show that 
□ft is subelliptic on (scalar) (0, l)-forms. As Vu = 0, the sublaplacian 
may be computed as 

A J = -trace{TA ^ Vr^V^/} = -V„/" - V^/" , 

for any C°° function / : M C, where /" = g'^'^T-^{f). As V^e = 

^^'^^V^V^r/X = V„(^7'^^V^r/x) = V„(r7x)" - V.(^/"^r|-r/^). 

A similar expression holds for g^^iS^^ aJT^- Adding up the two iden- 
tities leads to 

^?"^(V,V^r75^ + V^V^r/x) = -^bnx + l-O-t- 
or (by the commutation formulae for the second order derivatives and 

dHHl)) 

2{nkvh -Hn - 1) VoTTx - rjpR'x = 

Hence Df, is subelliptic on fi°'^(M), i.e. DfeTy is locally given by a subel- 
liptic operator acting on the coefficients of rj, plus lower order terms. In 
particular (by (O) (Afv?) O ej = Ab(v5j(T^))6'" (g) Cj-F l.o.t. Theorem 
01 is completely proved. 
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Appendix A. The Graham-Lee connection 

Let fl = {ip < 0} G C"' he a strictly pseudo convex domain and 
the foliation by level sets of </? of a one-sided neighborhood V of dQ (as 
in section 3 of this paper). Let {Wa :l<Q;<n — l}bea local frame 
of Tifi{T), so that {Wa,C} is a local frame of T^''^{V). Let ge be the 
tensor field given by 

(100) ge{X,Y) = {de){X,JY), ge{X,T) = 0, ge{T,T) = 1, 

for any X,Y ^ H{J^). Then go is a tangential Riemannian metric for 
i.e. a Riemannian metric in T(jF) V . We consider as well 

Le{Z,W) = -i{de){Z,W), Z,We Ti,o(J^). 

Note that Lg and (the C-linear extension of) gg coincide on Ti o(J^) ® 
To,i(J^). We set g^p = ge{Wa, W%). Let : 1 < a < n - 1} be the 
(locally defined) complex 1-forms on V determined by 

e"{Wp) = (5| , r(w^^) = 0, r(T) = 0, r (iv) = o. 

Then {9", 9°', 9, dip} is a local frame of T{V) (8) C and we may look for 
d9 in the form 

d9 = B^p 9^ A9^ + B^-^9'' A + 5-^^ A 

+(S« r + B^9'^)^9 + {Co, r + r) A dip + D dip A 9. 
As d9 = iaac^ e 0^'^(C/) it follows that B^^p = 0, S^^^ = 0. Also 

9al3 = 9e{Wo,, Wj) = -t{d9){Wa, W^) = B^-^ 
i-e- B^-p = 2ig^-p. Next 

^B^ = {d9){W^, T) = iddipiW,,, T) = 

as T = i(,^ — ^) (and ^ is orthogonal to Ti^o{T) with respect to ddip), 
i.e. = 0, = 0. Similarly C„ = 0, Ca = 0. Finally 

L> = {d9){N, T) = i dd^{N, T) = 2 ddip{^, f ) = r 

i.e. D = r. We obtain the identity 

(101) d9 ^2ig^-p9" A9'^ + rdip A9. 
As an immediate consequence 

(102) iTd9^~dip, 



(103) 



In d9 — r9. 
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For instance (by (jlOlj) ) 

{de){x,T) = '-{{dv){x) - idv){T)e{x)}, 

for any X G T{J^), hence (as {dip)(T) = 0) one derives ()102|) . As an 
application of ()10H) we decompose [T, N] (according to T{V) ® C = 
^1,0 (^) © ^0,1 (•^) ® ® CA^). This is a bit trickier, as shown below. 
By (IMl) 

e{[T,N]) = -2{de){T,N) = rd^{N) = 2r. 

Next 

2{de){Wa, [T, A^]) = 2Wa{r) - e{[W^, [T, N]]) = {Jacobt's identity) 
= 2W^{r) + 9{[T, [N, W^]]) + 9{[N, [W^, T]]) = 
= 2W^ir) + 2{de){T, [W^, N]) - T{e{[W^, N])) + 
+2{de){N, [T, W^]) - N{e{[T, W^])) 
hence (by ^U^-^U^) 

{de){W^,[T,N]) = W^{r). 

We conclude that 

(104) [T, N] = i W°'{r)Wa - i W"{r)W^ + 2rT, 

where iy°(r) = g°''^W-0{r) and W^{r) = W^ir). 

Let V be a linear connection on V. Let us consider the T(K)-valued 
1-form r on \^ defined by 

r(x) = rv(T,x), xenv), 

where Ty is the torsion tensor field of V. We say Ty is pure if 

(105) T^{Z,W) = 0, Tv(Z,W) = 2iLg{Z,W)T, 

(106) T^{N,W) =rW + iT{W), 
for any Z,W E Tifi{J^), and 

(107) r(Ti,o(-F)) C To,i(^), 

(108) t{N) = -J V^r - 2r T. 

Here V^'^r is defined by V^r = tthVt and ggCVrjX) = X{r), X G 
T{J^). Also TT/i- : T(jF) — > H{J^) is the projection associated to the 
direct sum decomposition T(jF) = H{J^) © MT. Appendix A is aimed 
at the following 
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Theorem 4. (C.R. Graham & J.M. Lee, [H]) 

There is a unique linear connection V on V such that i) Ti^q{J-') is 
parallel with respect to V, ii) VLg = 0, VT = 0, VA^ = 0, and iii) Ty 
is pure. 

V given by Theorem |3] is the Graham-Lee connection. Compare to 
Proposition 1.1 in ^T], p. 701-702. The axiomatic description in The- 
orem E] is however new (cf. also Theorem 2 in [7 ). We first establish 

Lemma 3. Let : T(jF) T(JF) be the bundle morphism given by 
(f){X) = JX, for any X e H{T), and 0(T) = 0. Then 

ge{X,T)=9{X), 

gem, ct)Y) = ge{X, Y) - e{X)e{Y), 

for any X, F G T{J^). Moreover, if V is a linear connection on V 
satisfying the axioms (i)-(iii) in Theorem^ then 

(109) 0or + ro0 = O 
along T{T). Consequently r may be computed as 

(110) r(X) = -]^<P{Ct<P)X, 

for any X G H{T). 

Proof. For any X G T(JF) 

</)(X) = ct>{7iHX + e{X)T) = JinnX) G H{T), 
02 (X) = J'^{ithX) = -tthX = -X + e{X)T. 

The second statement in Lemma El follows from definitions (cf. ()100|) ). 
The third identity follows from 

ge{<pX,<pY) = {de){(f)nHX,(f)^'KHY) = 
= ge{7TH Y, TiH X) = ge{Y, X) - 9{X)ge{Y, T). 
Let us prove (ITnn|) . As r(Ti,o(J^)) C To,i(J^) (cf. axiom (ITn7|l ) there 
are complex valued functions such that riWa) = A^W-j^. Then 

o + o T)Wa = triW^) + aI^{W^) = 0. 

It remains that we check piO|) . As Ti o(J^) is parallel with respect to V 
and V is a real operator it follows that To,i(jF) is parallel, hence both 
iJ(jF) and its complex structure = are parallel. Moreover, 

as VT = 0, it follows that is parallel, as well. Let X G H{J^). Then 

(by (uni) 

0rX = -Tv(T, 0X) = -Vt0X + [T, 0X]. 
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Applying in both sides gives (as V0 = 0) 

tX = -VtX - (f)[T, (j)X] = -[T, X]-tX - 0[T, 0X] 

or 

2tX = -CtX - (t)CT(t)X. 

Q.e.d. 

Proof of Theorem^ To establish uniqueness, note first that, for any 
X = + XO'i + 9{X)T e T{T) (with X^'O G Ti,o(J^), X^'^ = X^) 
one has (by ViV = 0) 

V^X = [N, X] + Tv(X, X) = {by ^ - (HHSD, (CUHl)) 

= [X, X] + rX^'O + irX^'O + rX°'^ - irX°'^ + 0(X){ JV^r + 2rT} 
that is 

(111) VjvX = rX + r0X - [X, X] + ^(X){ JV^r + rT}, 

for any X G T(J^). In view of (frm|l VatX is determined. As VX = 0, 
VT = it remains that we compute Vx-Z^, for X G T(^) and Z G 
Ti,o(J^). Note that VT = 0, VL^ = and VJ^ = yield Vc/e = 0, i.e. 

X((7e(F, Z)) = (?,(VxF, Z) + (?e(r, Vx^), 

for any X, F, Z G T[T\ The well known Christoffel process then leads 
to 

(112) 2^e(VxF, Z) = X{ge{Y, Z)) + F ((7,(X, Z)) - Z{ge{X, Y)) + 

+ge{[X,YlZ)+ge{T^{X,Y),Z) + 
+5,([Z,X],r)+^,(Tv(Z,X),F) + 
+ge{X, [Z,Y])+ge{X,Ty{Z,Y)). 
Note that (again by the purity axioms) 

(113) Tv(X, Y) = 2{de){X, Y)T + 2{d A r)(X, F), 
for any X, F G T(J^). Indeed (by 

Tv(X, r) = -2ge{X, <f)Y)T + 2{9 A r)(X, F). 

Moreover 

(7e(X, r) = ge{iTH X, vr^^ F) + e(X)(?e(T, vr^ 1^) = 

= -{de){nHX,'KHY) = -ide)ix,Y) + 

+e{x){de){T, Y) + e{Y){de){x, t). 

Finally (by (jnH)) {d9){X,T) = 0, X G T(J^), and ((1121) is proved. 
Replacing the torsion terms (from pi3|l into pi2|l ) leads to 

(114) 2g0{VxZ,W) = X{geiZ,W)) + Z{ge{X,W)) -W{gg{X, Z)) + 

+ge{[X, ZIW) + geiW.Xl Z) + gg{X, [W, Z]), 
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for any X G T(J^) and Z,W Tifl{J^), as (by fWjl l 

^(X){(7e(rZ,W)-(7,(rW,Z)} = 0. 

The uniqueness statement in Theorem |3] is proved. The foUowing ex- 
phcit expressions of (the various components of) V are also available. 

By (uni 

(115) VzW = 7io,i[Z,W], Z,W eTi^oiJ"), 
where ttq^i : T(JF) (g) C ^ To^i(jF) is the projection. Of course 

= VzW. 

Moreover (by VLg = and (fTTK|) ) 

Lg{VzW,V) = Z{Le{W,V)) - Lg{W,7ro,i[Z,V]), 
for any Z,W,V E Ti,o(J^), i.e. 

(116) VzW = g"''^{Z{Le{W, Wj^)) - Lg{W, 7ro,i[Z, W^])}W^ 
and 

Next (by (fTUHll-ffTnTI)) 

(117) VnZ = rZ + 7rifl[N,Z], 
for any Z E Ti q{J^), and 

VnZ = W^. 

Finally 

(118) Vt^ = -^0(£t0)^-[^,T], 

To establish the existence statement in Theorem |^ let V be the linear 
connection on V defined by (|TT^ - (frrR|l and VT = 0, VA^ = 0. Let us 
check (i)-(iii) in Theorem EJ Clearly 

VzM^, V^iy, VnW eT,,o{J^), 

for any W E Tifi{T), by the very definitions (cf. (ITra) - (ITT7|l ). More- 
over (by (fTTHl) ) ' 

VtZ = - {C-tZ — icPCtZ) 
as (by (Uni) /:t^ G H{J^) ® C. Therefore 

(jiVrZ = i VtZ 
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that is [as Tifi{J^) is the eigenspace corresponding to the eigenvalue i 
of (the C-hnear extension to H{J^) of) 0] VtZ G Ti q{J^). We conclude 
that V obeys to (i). Let us check purity. By ()116|) 

Le{VzW-VwZ-[Z, W],V) = 

= Z{Le{W,V)) - Le{W,7ToAZ,V])- 

-W{Le{Z,V)) + Lg{Z,7ro,i[W,V]) - Lg{[Z, W],V) = 

= 3{d'^e){Z,W,V) = 0. 

Therefore T^{Z,W) = 0. Next (by and = vti^qX, X e 

T{T) ® C) 

T^iZ,W) = 7roAZ,W]~7To,i[W,Z]-[Z,W] = 

= -e{[Z,W])T = 2iLg{Z,W)T. 
Moreover (by dTTTfl 'l 

Tv(iV, Z) = VnZ - [N, Z]=rZ- 7ro,i[iV, Z]. 
Also (by (Hm)) 

t{Z) = -^^iCT(p)Z, Z G Ti,o(^), 
so that on one hand ()1()7|1 is satisfied, and on the other 

r(Z) = -^{z4>[T,Z] + [T,Z]} = -noAT,Z] = 
= i {vTo,! Z] - 7ro,i Z]} =i ttq,! Z] 

i.e. 

(119) r(Z)=2 7ro,i[iV,Z], Z G Ti,o(^). 

Here we made use of T = 2(^ — ^), = ^ + ^ and vro,i[^, Z] = 0. Then 
dnnD yields ^U^. Finally VT = VA^ = and (fTIl% yield (HHHl) and 
we conclude that V obeys to (iii). It remains that we check VLg = 0. 
Clearly VzLg = 0, Z e Tifl{T) (by (IIIil)-(IIini)). Next (by and 

(unzD) 

{VTLe){Z,W) = {CTLe){Z,W), Z,W e Ti,o(^), 

and 

{CTLe){z,w) = -i{T{de{z,w)) - de{[T, z],W) - de{z, [t,W])} = 
= '-{T{e{[z,w])) - em z],w]) - e{[z, [t,W]])} = 

(by applying the Jacobi identity to the term 6'([[T, Z], W])) 

= '-{T{e{[z,W])) + emW],T])} = 
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= ^{de){T, [Z, W]) = {dy,){[Z, W]) = 

(by (Uni and [Z,W] E T{J^) ® C). Hence S/tLq = 0. Finally (by 
(HHD) 

i\/NLe)iZ,W) = -2rgeiZ,W) + {CNge){Z,W), Z,W E Ti,o(-F), 
and VivLg = follows from ()122j) in Lemma 0] below. 
Lemma 4. The following identities hold for any X E T(jF) 

(120) T^{N, X)=rX + t{^X) + ^(X){0V^r + rT}, 

(121) [N, (j)X] - (j)[N, X] = 2t{X) - 9{X)V"r, 
Moreover 

(122) {CNge){X,Y) = 2rge{X,Y) + 2{de){X,r{Y)), 
for any X,Y eH{T). 

Proof jnni) follows from (ITn?)|) . Let us replace X by 0X in (fHUl) 

Viv0X - [X, 0X] = r0X - r(X) 

and subtract the identity got from ()120|) by applying to both sides. 
Since V0 = we obtain ()12H) . The proof of p22|) is a consequence of 
(Unni), (Uni), and the Jacobi identity 

{CNge){X,Y) = N{{de){X,<pY)) - {de){\N,Xl <PY) + 

+2{de){X,T{Y)) - {de){X, [N,(f)Y]) = 

= ~Niei[X,<l>Y])) + ^ei[[N,X],<l>Y]) + 
+2{de){X,T{Y)) + ^e{[X, [N,<PY]]) = 

= -\ N{e{[x, <pY])) - \ e{X\x, N\) - e(xx, r(r)]) = 

= -{dQ){N, [X,0F])-^^([X,r(r)]) = 

= -Td{\X,m)-Q{\X.r{Y)\) = 
= 2r{de){X, (f)Y) + 2{de){X, t{Y)) = 
= 2rge{X,Y) + 2{de){X,T{Y)). 

Q.e.d. Theorem m is proved. 

As to the local calculations, if (p"^ are the connection 1-forms of the 
Graham-Lee connection (i.e. VWp = ® Wa) then we may look for 
dO" in the form 

(123) rf^" = 5" AO^ + 5" Ae^ + a 
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+{B'^e^ + B^e^)Ae + {c;^e^ + c^e^)Adip + DdipAe. 

Indeed, applying this identity to the pair {Wp, W^) (respectively to 
{Wp,W-) and {Wp,T)) gives 

Similarly (applying (fT^ to {W^,T), {Wp,N) and {W^, N) respec- 
tively) 

Bl = -Af, C," = ^(y.^(iV)-r5|), Cl='-Al 

Finally (by (fTIH|l ) 

Dd^{N) = 2{de"){N,T) = -r([iV,T]) = ziy"(r). 
Summing up 

(124) rf^" = A (p;^ - z 9(p A + ^ iy"(r) A ^ + ^ A , 

where = A^O^. 

Given a linear connection V on we set a{X, Y) = IIVx^, for any 
X, y G T{J-'). If V is the Graham-Lee connection then (by the proof 
of Theorem 0]) a = 0. One may identify, as usual, the normal bundle 
u{T) = T{V)/T{T) with RA^. If : T{V) T{T) is the projection, 
let us set V'^ = II-'-V. It is easily seen that V'^ is the Tanaka- Webster 
connection of each (i.e. the pointwise restriction of the Graham- 
Lee connection to a leaf of JF is the Tanaka- Webster connection of the 
leaf). In particular r : T(jF) — > T(jF) is the pseudohermitian torsion 
of each leaf (hence geij X, Y) = ge{X, r F), for any X, y G T{J^)). 
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